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ABSTRACT 

An Estimated DSGE model for Denmark with Housing, Banking, and Financial Friktions 

The financial crisis has moved attention to the modeling of financial frictions and banks in DSGE 

models. The preceding housing boom put focus on the need to incorporate developments in the 

residential sector, including house prices. This paper documents an estimated DSGE model of the 

Danish economy with financial frictions, banking and a construction sector. 

RESUME 

En Estimeret DSGE model for Danmark med boliger, finansiel sector og finansielle friktioner 

Den finansielle krise satte fokus på nødvendigheden af at modellere finansielle friktioner og en 

finansiel sektor i DSGE modeller. De forudgående stigninger i boligpriserne satte fokus på 

nødvendigheden af at kunne analysere boligmarkedet og mulige samspil mellem denne og den 

øvrige realøkonomi. Dette arbejdspapir dokumenterer en estimeret DSGE model for dansk 

økonomi med finansielle friktioner, finansiel sektor og byggesektor. 
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An Estimated DSGE model for Denmark with Housing, Banking, and Financial Frictions

1. Introduction

The Danish economy experienced a boom in real house prices starting from 1993 peaking
in 2007, like so many other developed economies, see figure (1). In this period, the real
house price increased by around 250 percent. While it might be discussed how large the
discrepancy between fundamentals and the real house price was during this period, the
subsequent fall of around 30 percent points to some degree of overvaluation. The large
increase in house prices coincided with an increase in residential investments as a percentage
of GDP from 4 percent to almost 7 percent just before the outbreak of the financial crisis, and
a rise in private consumption and real GDP. The fact that residential investments to GDP
ratio fell back to around 4 pct. lends additional support to the hypothesis of an overvaluation
of house prices. The subsequent fall coincided with a deep recession and a large fall in
private consumption and investment. Behind this cycle the financial sector played a large
role pushing up the credit-to-GDP ratio during the boom.

The DSGE-model estimated in Pedersen and Ravn (2013) neither had a residential sector
nor financial frictions. Consequently, the movements explained before could not be analysed
within that model. The current paper describes changes made to the model in Pedersen and
Ravn (2013) in order to introduce a housing market, a banking sector and financial frictions.
The goal is to have a structural, dynamic, general equilibrium model with forward looking
agents, which can be used to interpret the current state of the economy, to analyse policy
changes, and perhaps to generate predictions for key macroeconomic variables.

The model builds on a sequence of influential papers. The financial accelerator
of Bernanke et al. (1999) demonstrated the potential importance of financial factors for
macroeconomic fluctuations in a general equilibrium setup. Building on the work of Kiyotaki
and Moore (1997), Iacoviello (2005) highlighted the important role played by asset prices (in
particular, house prices) in a world with collateralized household debt. Iacoviello and Neri
(2010) demonstrated that in order to gain a full understanding of the macroeconomic effects
of fluctuations in the housing market, an explicit modeling of the construction sector is
needed. Studies by Davis and Heathcote (2007) and Liu et al. (2013) point to the importance
of a fixed supply of land in order to account for, respectively, movements in the house price
and comovement between house prices and business investment. Finally, Gerali et al. (2010)
were among the first to combine a profit-maximizing but less than perfectly competitive
banking sector with collateralized household and corporate debt in a general equilibrium
setup. The model presented in this paper features all these aspects.

The introduction of a housing market involves the following steps in line with Iacoviello
and Neri (2010): First, the need to distinguish between patient and impatient households, the
latter of which will have a lower discount factor than the former such that the model includes
borrowing and saving in steady state. This also implies that the production function must be
modified to incorporate two different types of labor. Second, demand for housing services
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are included in the model through the household’s utility function giving rise to an additional
first-order condition related to the choice of housing ’consumption’. Third, the impatient
household will be subject to a collateral constraint, which must be taken into account in
his utility maximization. The introduction of demand for housing services together with
the collateral constraint have the potential to generate wealth effects on consumption from
increases in asset prices as well as crowding-in of consumption in response to fiscal policy
shocks. Forth, in addition to the original production function, a housing construction sector
is introduced, which constructs housing according to a production function with inputs
of land and intermediate input from the goods sector. Finally, to also introduce a role for
credit frictions on the firm side, I introduce a third type of agent, the entrepreneur, who
rents capital and land to the firms in the two sectors. The entrepreneurs are also assumed to
be impatient and are subject to a collateral constraint as in Liu et al. (2013).

The introduction of housing into a DSGE-model gives the model the potential to explain
house prices developments in terms of structural shocks. Further, the model can analyse
whether and how house prices affect consumption and investments through wealth and
income effects working through the financial frictions. Construction has the potential to
address the effects on demand on the goods market from house price developments. Here
the question is to what extend spillovers from developments in the construction sector
affected prices, wages and employment in the rest of the economy. These questions will be
addressed within the model in a historical shock decomposition.

The introduction of the banking sector broadly follows the setup of Gerali et al. (2010).
There is a continuum of profit-maximizing banks, which receive deposits from patient
households and use those funds to make loans to impatient households and entrepreneurs.
As such, the balance sheet of each bank simply consists of bank loans on the asset side and
deposits plus bank capital on the liabilities side. Bank lending is collateralized because of
agency problems between borrower and lender. In line with microeconomic theories of
banking competition, see, e.g., Freixas et al. (1997), it is assumed that competition in the
banking sector is less than perfect. In particular, I assume that each bank operates under
monopolistic competition in the market for bank loans. Furthermore, I assume that lending
rates set by the banks are sticky in a way similar to prices and wages set by firms and
workers in the economy. These assumptions give rise to endogenous spreads between the
interest rate set by the central bank and the interest rates on bank loans and imperfect pass-
through from changes in policy rates to market interest rates. Finally, banks are subject to a
regulatory capital requirement, from which it is costly to deviate.

During and after the financial crisis, the macroeconomic profession in general came
under scrutiny as very few economists had foreseen the depth of the crisis. DSGE-models
were in particular subject to that criticism as they neither had a financial sector nor financial
frictions, which possibly could have guided and warned policy makers and forecasts. The
collateral constraint and the capital requirements introduced above are the financial frictions
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in this model and the banking sector is the financial sector. This is a relatively simple model,
but it does have the potential to translate the type of shocks seen during as an example the
failure of Lehmann-brothers.

As will become clearer during the presentation of the model, the model will be able to
address both supply of credit and interest spreads between policy rates and lending rates
endogenously. Further, even though the model cannot per see say much about funding
liquidity and credit risk between the continuum of identical banks, the model is able to give
a picture of the effects of such shocks and identify them in a historical shock decomposition.
That is, even though there is no frictions on the funding market and therefore no liquidity
stop etc., the result of a breakdown of the money market, namely higher interest spreads,
and the effects on the real economy is modeled. Such a shock has a lot in common with
risk shocks depressing both consumption and investment as it affects the funding costs for
households and firms. On this background, shocks to the funding costs of banks, whether it
originates from the foreign economy through higher ECB policy rates or through spreads,
have the same consequences as uncertainty or risk shocks, see Christiano et al. (2014).

In what follows, the model is set up with focus on the changes included with respect
to the model in Pedersen and Ravn (2013). After presenting the model, I evaluate the
ability of the model to fulfill the goals setup in the beginning of the introduction: To have a
structural, dynamic, general equilibrium model with forward looking agents, which can be
used to interpret the current state of the economy, to analyse policy changes, and generate
predictions for key macroeconomic variables. I do so through impulse response functions,
in which I chose to focus on fiscal policy only for simplicity, and I next use the estimation to
decompose the development of Danish GDP, the real house price, and inflation through the
2000’s. I lastly look at forecasts produced by the model.

As will be shown, the model can be used to analyse the effects of various changes to
fiscal policy variables, while the explicit modeling of financial frictions and a banking sector
open up the possibility to study, as an example, counter-cyclical capital buffers. Further, the
shock decomposition is a useful instrument to study counter-factuals – what would have
happen if the LTV-ratio was changed in response to changes in the house price. In turn, the
explicit modeling of forward-looking behaviour and expectations make the model a useful
instrument for the study of changes to taxation on housing and/or changes in tax-subsidies
on interest rate payments. I leave all this for future research.
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2. TheModel

2.1. Patient Households

The problem of the representative patient household is to choose consumption, CP
t , housing

services, HP
t , and real deposits, DP

t , placed in the banking sector paying the gross interest rate
RD

t , so as to maximize its stream of discounted future utility. The household also chooses
its labour supply, but I treat this decision separately in section (2.5). The utility function is
given by:

E0

∞∑

t=0

(
βPCt

)t
(
log

(
CP

t − hCCP
t−1

)
+ ςHPHt log

(
HP

t

)
− ηNχtOP

t

∫ 1

0
NP

t (h) dh
)
, (1)

0 < βP < 1 is the discount factor. I assume that the discount factor for the patient household,
βP, is greater than the discount factor for the impatient household, βI, presented in the section
to come. This implies that the impatient household will be a borrower in equilibrium and the
patient household will be a lender. hC > 0 measures the degree of (external) habit formation
in private consumption. Ct is a shock to the household’s preference for consumption today
versus tomorrow, an intertemporal preference shock, which is given by:

Ct

C̄ =
(Ct−1

C̄
)ρC

exp εCt+1, (2)

where C̄ > 0, 0 < ρC < 1, and where εCt+1 is an i.i.d. stochastic process with mean zero and
variance σC. The second term measures the utility arising from the consumption of housing
goods, where the parameter ςHP > 0 is used to calibrate the steady state level of housing,
andHt can be interpreted as a housing demand (or ’taste’) shock, and follows:

Ht

H̄ =

(Ht−1

H̄

)ρH
exp εHt+1, (3)

where H̄ > 0, 0 < ρH < 1, and where εHt+1 is an i.i.d. stochastic process with mean zero and
variance σH .The third term in the utility function denotes disutility of labor. I will define
the variables and parameters associated with this term in subsection (2.5).
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Utility maximization is subject to the following budget constraint:

(
1 + τVAT

t

) PC
t

Pt
CP

t + QH
t

(
HP

t −
(
1 − δH

)
HP

t−1

)
+ ωTt + DP

t −
RD

t−1DP
t−1

πDK
t

+

BDK
t −

RDK
t−1

πDK
t

BDK
t−1 + τH

t QH
t HP

t (4)

=
(
1 − τN

t

)
WP

t NP
t −

τB
t DP

t−1

(
RD

t−1 − 1
)

πDK
t

+
δBKB

t−1

πDK
t

+ ΠRetail
t + ΠX

t ,

where Pt is the overall price level (producer price) to be defined below, QH
t denotes the

real house price, and δH > 0 is the depreciation rate of the housing stock. WP
t is the real

wage rate. I let τVAT
t , τB

t , τN
t and τH

t be the tax rates on consumption (i.e., a Value added
tax, VAT), interest income, labor, and housing property. Tt denotes real lump-sum taxes,

and δBKB
t denotes dividends paid out by banks. Finally, the term BDK

t −
RDK

t−1

πDK
t

BDK
t−1 reflects that

patient households are enrolled in a pension scheme, under which they hold outstanding
real government debt, BDK

t , which is then repaid with interest RDK
t in the next period. Hence,

the household holds government debt and can be thought of as the Danish ATP pension
system. πDK

t is the change in the Danish PPI-deflator. ΠRetail
t ,ΠX

t denotes real profits received
from firms and construction firms respectively, as the patient households are the owners of
intermediate firms and construction firms. Finally, the parameter, ω > 0, is the relative size
of the patient household compared to the impatient household.

Observe that, unlike Pedersen and Ravn (2013), I do not allow (patient) households
to directly access both a domestic and a foreign bond market. In the present model, bank
deposits make domestic bonds redundant, as both are assets that pay a risk-free rate of
interest one period ahead. Moreover, I assume that households can only access foreign
bonds through the banking sector. In practice, as shown later, this implies that households
will still be able to save at the international risk-free interest rate.1

The first-order conditions related to the utility maximization problem of the patient
household are as follows:

CP
t :

PC
t

Pt
λP

t

(
1 + τVAT

t

)
=

1
CP

t − hCCP
t−1

, (5)

HP
t : ςHPHt

1
HP

t

+
(
βPCt

) (
1 − δH

)
Et

(
λP

t+1QH
t+1

)
=

(
1 + τH

t

)
λP

t QH
t , (6)

DP
t : λP

t =
(
βPCt

)
RD

t Et



λP

t+1

πDK
t+1


 −

(
βPCt

) (
RD

t − 1
)

Et
τB

t+1λ
P
t+1

πDK
t+1

. (7)

1The assumption that households can only access international bonds via the banking sector is needed to ensure
that funds are channeled from domestic savers to domestic borrowers via the banking sector and not outside it.
Also notice that it is assumed that patient households passively hold domestic government bonds.
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Here, λP
t denotes the Lagrange multiplier associated with the budget constraint. The

first and third equation may be combined to obtain a standard Euler equation and conse-
quently a relation between consumption and the real rate of interest. This is standard and
are explained further in e.g. Pedersen (2012) or Galı́ (2009). The second equation may be
interpreted as an Euler equation for housing: The patient household trades off the cost (in
terms of foregone non-durable consumption) of purchasing a unit of housing today against
the utility gain from that extra unit of housing plus the expected resale value in the next
period. This will be analysed in greater detail in box C and in section (2.3.7).

Box A: A note on housing property tax in Denmark
The nominal amount Danish households have to pay in taxes on the value of the property is
currently frozen to its 2002 level. This means that when house prices rose during the mid-00’s,
the effective tax rate on housing fell. In the estimation of the model explained below, I will use
the effective tax rate on housing, τH

t , and freeze the tax burden in simulations. This will be done
by a slight change to both household’s budget constraints in the following manner:

QH
t

(
H j

t −
(
1 − δH

)
H j

t−1

)
− τH

t QH
t H j

t

⇒ QH
t

(
H j

t −
(
1 − δH

)
H j

t−1

)
−



τH

t

QH
t H j

t

QHH j


 QH

t H j
t , j = P, I,

such that QH
t

(
H j

t −
(
1 − δH)

H j
t−1

)
− τH

t QHH j for j = P, I. Hence, tax payments will in simulations
be paid from the steady state value of housing using the statutory tax rate.a

aSimilar considerations apply to the land tax, τL
t . Here the main difference is that the tax on land is only

allowed to increase by a certain amount each year. This is for simplicity not addressed in the model.

2.2. Impatient Households

Like his patient counterpart, the representative impatient household maximizes a utility
function of the form:

E0

∞∑

t=0

(
βICt

)t
(
log

(
CI

t − hCCI
t−1

)
+ ςHIHt log

(
HI

t

)
− ηNχtOI

t

∫ 1

0
NI

t (h) di
)
,

where the interpretation of all variables is the same as for the patient households. An
important assumption is that the discount factor is assumed to be strictly lower than
that of patient households, βI < βP; in equilibrium the impatient household will wish to
borrow while the patient household lends.2 As will become clear later, lending from patient
households to impatient households is done through the financial sector. Observe that the
taste shocks Ct andHt are assumed to be common for the two types of agent. Once again, I
treat the labor supply decisions in a separate section.

2Notice, that this is implicitly implied in the way the consumers’ problems are stated. But this simply reflects
that impatient household will not lend in equilibrium and therefore for simplicity this decision is left out.
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The choice variables for the impatient household are the level of consumption, CI
t,

housing services, HI
t , and domestic real borrowing, BI

t. I assume that the impatient household
does not have access to international financial markets, and therefore is not allowed to
borrow abroad. Furthermore, the level of credit he can obtain domestically is limited by the
following collateral constraint, which ties his borrowing capacity to the expected discounted
real value of his home:

BI
t ≤ ΘI

t

Et

(
QH

t+1HI
tπ

DK
t+1

)

RL,I
t

. (8)

Here, the parameter 0 < ΘI < 1 measures the loan-to-value ratio allowed by the lender. I
assume that the loan-to-value ratio follows the process

ΘI
t

ΘI
=



ΘI

t−1

ΘI



ρ

Θ

exp εΘ
t ,

where ΘI
t > 0, 0 < ρΘ < 1, and where εΘ

t is an i.i.d. stochastic process with mean zero and
variance σΘ.

As described later, RL,I
t denotes the gross lending rate faced by impatient households,

which represents the relevant discount factor for the lender. Following Kiyotaki and Moore
(1997), constraint (8) may be motivated by a limited enforcement problem: As the lender
cannot force the borrower to repay the loan, the borrower must promise to hand over
his home to the lender in the case of no repayment in the next period. As a result, the
lender wants to tie the size of the loan to the expected value of the borrower’s assets in
the next period when he would be able to repossess the assets in case of default; it is the
expected future house price that determines the loan-to-value constraint. The presence of a
loan-to-value ratio strictly smaller than one reflects that assets have a higher value outside
delinquency.

The impatient household is also faced with the following budget constraint:

(
1 + τVAT

t

) PC
t

Pt
CI

t + QH
t

(
HI

t −
(
1 − δH

)
HI

t−1

)
− BI

t +
RL,I

t−1

πDK
t

BI
t−1 + (1 − ω) Tt (9)

= κRI
t

(
RL,I

t−1 − 1
)

πDK
t

BI
t−1 +

(
1 − τN

t

)
WI

tN
I
t − τH

t QH
t HI

t ,

where κRI
t is the tax deduction allowance on mortgage interest expenses. I assume that the

tax deduction follows the process

κRI
t

κRI
=



κRI

t−1

κRI



ρκR

exp εκ
RI

t
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, where κRI > 0, 0 < ρκR < 1, and where εκ
RI

t is an i.i.d. stochastic process with mean zero
and variance σκ

RI
.

The first-order conditions of the impatient household are given by:

CI
t :

PC
t

Pt
λI

t

(
1 + τVAT

t

)
=

1
CI

t − hCCI
t−1

, (10)

HI
t : ςHIHt

1
HI

t

+
(
βICt

) (
1 − δH

)
Et

(
λI

t+1QH
t+1

)
+ ΘI

tµ
I
t

Et[QH
t+1π

DK
t+1]

RL,I
t

=
(
1 + τH

t

)
λI

tQ
H
t , (11)

BI
t : λI

t − µI
t =

(
βICt

)
RL,I

t Et



λI

t+1

πDK
t+1


 −

(
βICt

) (
RL,I

t − 1
)
κRI

t+1Et



λI

t+1

πDK
t+1


 , (12)

whereµI
t denotes the shadow value associated with the collateral constraint, (8). The presence

of the collateral constraint gives rise to an additional term in the first-order condition for
housing services, equation (11): On top of the utility gain from owning a house and the
expected resale value, the impatient household must look at the gains from a marginal
loosening of its collateral constraint when deciding whether or not to buy an additional unit
of housing.

Likewise, the collateral constraint affects the optimal borrowing decision, equation (12).
That is, it limits consumption smoothing. In the absence of the collateral constraint, or if the
constraint becomes non-binding (µI

t = 0), the impatient household would behave exactly
like the patient household.3 But if the multiplier all else equal increases, for the sake of

argument from 0 to a positive value, µI
t ≥ 0, then, from equation (12), λt ≥ βCtEt

(
λt+1

RL,I
t

πDK
t+1

)
.

Consequently, the marginal utility of current consumption exceeds the marginal gain of
shifting consumption intertemporally. The higher the value of the multiplier, the higher is
the marginal benefit of doing so and hence of acquiring one more durable good today, post
it as collateral, borrow, and consume non-durable goods. A positive multiplier thus implies
that the collateral constraint is tighter.

I finally notice that given that the borrowing constraint, equation (8), holds with equality,
consumption for impatient households are given by

(
1 + τVAT

t

) PC
t

Pt
CI

t =


Q

H
t

((
1 − δH

)
HI

t−1 −HI
t

)
+ BI

t −
RL,I

t−1

πDK
t

BI
t−1 + κRI

t

(
RL,I

t−1 − 1
)

πDK
t

BI
t−1 +

(
1 − τN

t

)
WI

tN
I
t − τH

t QH
t HI

t




That is, to some extend impatient households act as rule-of-thumb consumers consuming
out of current income and what they can borrow. But it is important to note that credit

3I note that impatient households do not hold domestic government bonds. That reflects that impatient
household do not save not even in mandatory pension schemes.
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constrained households do optimise and form expectations of future variables, but the credit
constrain restrain them for implementing their optimal choices. As an example, in the case
of an expansionary fiscal policy shock impatient households can see that they have become
poorer due to expected future tax payments. But they cannot smooth their consumption in
response to this shock. Rule-of-thumb consumers, however, do not form expectations and
optimise consumption; they simple consume what they can. Specifically, and as shown in
Andrés et al. (2015) in a different model, consumption of impatient household can as an
approximation be thought of as being determined by after-tax labour income and after-tax

net-wealth defined as NWt ≡ QH
t HI

t−1 −
RL,I

t
πt

DK
BI

t.

2.3. Production, entrepreneurs, capital goods producers, land and resi-
dential investments

While the household side of the model is fairly standard the production side is not. I have
chosen a decentralised setup. This involves that the various sectors are split up between
various producers. The motivation behind this strategy is that it makes the rather large
model easier to understand.

There are two main production sectors, an intermediate goods sector and a final goods
sector. The role of the intermediate goods producer is to cost minimize with respect to its
inputs. This leads to optimal factor demand for capital goods and labour. The intermediates
operate under monopolistic competition and can set prices thus providing a way for
introducing price rigidities. The intermediate good can be exported or sold domestically to
the final goods sector. Here a continuum of final goods producers combine the intermediate
goods and sell them under perfect competition. These final goods producers enter in the
model for two reasons. Firstly, to provide a demand function for each intermediate good,
and, secondly, to derive a price index. The final good can be used for consumption, capital
production, housing production or used by the government. The households, residential
investors and capital goods producers in turn combine these final goods with imported
goods. This setup is quite standard except for the introduction of residential investments.

I introduce capital goods producers. Their role is to provide a market price for capital.
This is a modeling device, which is equivalent to a centralised setup in which capital
formation is done internally within the entrepreneurs problem, see also Christiano et al.
(2005). I introduce a residential investment, or housing sector. The motivation for this is
twofold, and was explained in section (1). Firstly, the housing sector played a key role during
the bust and preceding boom in the Danish and in many other economies. Secondly, a
housing sector allows me to study interactions between housing taxes and LTV-ratios on one
side and the real economy on the other side. The housing sector consists of a continuum of
identical producers which operate under perfect competition. Their job is to collect housing
units from the final goods producers with land to produce a residential housing unit. The

10
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idea behind this modeling strategy is inspired from Justiniano et al. (2013), but they do not
take into account movements in land prices in their setup. The advantage of this simple
setup, in comparison with as an example Iacoviello and Neri (2010) is that their strategy
needs to take into account in- and outflow of labour between a residential sector and a
goods sector. This is straightforward to model, but it complicates, among many things, the
calculation of the steady state in large-scale models and involves multiple labour markets.
The current setup is simple, and, as an example, a boom in house prices and residential
investments leads to intuitive simple spillovers to the rest of the economy.

I lastly introduce an entrepreneur. I want to study financial frictions not only for
households, but also for firms. In the literature, there exists at least two widespread
approaches. One is the so-called financial accelerator mechanism of Bernanke et al. (1999),
where the external financing cost faced by each firm depends negatively on that firm’s equity
or net worth. The higher the firm’s net worth, the lower is the external finance premium.
The second approach follows the tradition of Kiyotaki and Moore (1997) and Iacoviello
(2005) outlined above by subjecting firms’ demand for credit to a collateral constraint. Each
firm’s borrowing capacity is tied to the value of that firm’s total assets (or net worth). In
other words, this mechanism works through the quantity of credit available to firms, while
the mechanism of Bernanke et al. (1999) works via the price of credit. Effectively, however,
the quantitative impact of each of the two modeling approaches is very similar in general
equilibrium. I therefore, and for internal consistency, opt for the approach of Iacoviello
(2005) and apply a collateral constraint also on the firm side.

To make way for a collateral constraint on the supply side of the goods market, I therefore
introduce a representative entrepreneur. The entrepreneur maximises consumption by
renting out capital and land to firms, either intermediates or residential investors, buying
land and capital goods from the capital goods producers and patient households. Land
in this model is in fixed supply. For the entrepreneur capital and land serve the dual
role as sources of income and collateralizable assets. Like the impatient household, the
entrepreneur has a lower discount factor than the savers in the economy, ensuring that the
collateral constraint is binding in steady state. The entrepreneur also resembles the impatient
household in that he has access only to domestic financial markets. The entrepreneur can
consequently borrow from the banks up to a certain percentage of the value of capital goods
and land bought from the patient households and capital goods producer. It gets income
from by renting capital goods and land to producers, and hence increases consumption,
if prices and interest rates make it profitable to do so. In this sense, the rather abstract
household, the entrepreneur, can be thought of as a financial investor, mutual fund, or hedge
fund, maximising consumption for savers through the rental- and financial markets. Notice,
that the entrepreneur does not own the firms; it only rents inputs to them.

In what follows, I will in greater detail describe the various agents on the production
side starting with the intermediate goods producers, continuing with final goods producers,
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capital goods producers, and residential investment goods producers, and in the end
describe the entrepreneur’s problem, which collects the individual pieces together.
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2.3.1 Intermediate Goods Producers

There is a continuum (of unit length) of firms in the intermediate goods sector, each of which
operates under monopolistic competition. These firms are owned by the patient household.
Each firm j uses private and public capital as well as labor to produce a firm-specific output
according to the following production function:

YtDt = AY
t

((
K

Y
t−1

)1−η (
KG

t−1

)η)αY (
Ntotal

t

)1−αY

, (13)

where αY, η > 0 are parameters and K
Y
t−1 = uY

t KtKY
t−1 is the effective capital stock being

utilised in a given period. Note that while the capital stock per se is predetermined, the
rate of utilisation may be adjusted within-period, and is subject to shocks in that period.
Dt is a measure of price dispersion, and AY

t measures total factor productivity (TFP) in the
goods sector. It is assumed that AY

t consists of two terms; a transitory component AY,T
t , and

a permanent component AY,P
t , so that AY

t = AY,T
t AY,P

t . The transitory component evolves
according to:

AY,T
t

A
Y,T =




AY,T
t−1

A
Y,T



ρA

exp εAY,T
t , (14)

with A
Y,T
> 0, 0 < ρA < 1, and where εAY,T

t is an i.i.d. stochastic process with mean zero and
variance σA. The permanent component follows the process:

dAt ≡
AY,P

t

AY,P
t−1

= λY
At, (15)

where, in turn,
λY

At

λY
A

=



λY

At−1

λY
A




ρλA

exp εAY,P
t , (16)

with λY
At measuring the growth rate in technology or TFP in the goods sector, while λY

A is the
steady state growth rate, 0 < ρλA < 1, and εAY,P

t is an i.i.d. stochastic process with mean zero
and variance σλA .4

The problem of each firm is to maximize its profits subject to the production function.
This problem gives rise to the following first-order conditions, where I have dropped the j’s
for simplicity:

rK,Y
t =

(
1 − η)αYYtmct

uY
t KtKY

t−1

, (17)

4I point out for clarity that the total productivity shock, AY
t , affects the economy through equation (13). I

have however written the model in detrended form and consequently only the part of AY
t which is related to the

transitory part, AY,T
t , shows up in (13).
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Wtot
t =

(
1 − αY

)
Ytmct

Ntot
t

, (18)

where mct is the marginal cost of production, which is identical to the Lagrange multiplier
associated with the production function in the cost minimisation problem. That is, the cost
in money terms of producing one more good.

Capital is hired from the entrepreneur at the rental rate rK,Y
t , while labour input is

assumed to be a Cobb-Douglas aggregate of employment from the two types of household,

Ntot
t =

(
NP

t

)ω (
NI

t

)1−ω
.

As explained in section (2.5), the respective employment rates are indices of a continuum of
different labour types, i, with varying degrees of disutility of work, j. The intermediates
minimize expenditures on the two types of labour from the respective households, which
gives rise to two labour demand functions. The optimal use of the two labour aggregates,
NY,P

t ,NY,I
t , are in turn found by minimizing total wages given these demand functions, which

yields an expression for the overall wage level

Wtot
t =

(
ω−ω (1 − ω)−(1−ω)

) (
WP

t

)ω (
WI

t

)1−ω

The total wage, Wtot
t , can be thought off as the marginal cost in money terms of using one

more unit of labour input; that is, the lagrange multiplier on the wage minimisation problem.

The intermediates also need to decide upon the utilization of their capital. The degree
of capital utilization is measured by the variable uY

t , and is subject to the capital utilization
shock Kt. The function zuY

(
uY

t Kt

)
measures the cost of changing the degree of capital

utilization, which I assume takes on the following functional form:

zuY (
uY

t Kt

)
= c1

(
uY

t
Kt

K̄ − uY

)
+

c2

2

(
uY

t
Kt

K̄ − uY

)2

, (19)

where c1, c2 > 0 are parameters, and uY is the steady state level of capital utilization, which I
set to 1.5 The utilization shockKt evolves according to:

Kt

K̄ =

(Kt−1

K̄
)ρK

εKt+1, (20)

where 0 < ρK < 1, K̄ = 1 is the steady state value of the shock process, and εKt+1 is an i.i.d.
normal shock. This problem involves the following first order condition:

5When I solve the model, I then need to scale the tax deduction from capital depreciation and the utilization
cost in the budget constraint with the trend growth of investment-specific technology so as to ensure that these are
not eroded over time.
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rK,Y
t =

zuY′ (uY
t Kt

)
(
1 − τK

t

) , (21)

where zuY′ (uY
t Kt

)
is the derivative of the utilization cost function with respect to uY

t ,

zuY′ (
uY

t Kt

)
= c1 + c2

(
uY

t
Kt

K̄ − uY

)
.

I introduce sticky prices into the model by assuming that intermediate goods firms
are subject to staggered price setting. In particular, following Calvo (1983) each firm is
only allowed to change its price in any given period with probability (1 − θP) < 1. Since all
firms are identical ex ante, this implies that only a fraction (1 − θP) of firms will reset their
price each period. Of the remaining θp firms, I allow a fraction Γt to index their price to
the rate of inflation in the CPI-index, πC

t , while the remaining fraction of firms keep their
price unchanged. When a given firm is allowed to re-optimize its price, it solves a dynamic
optimization problem, taking into account that the price it sets is likely to prevail for 1

1−θp

periods. I can write the resulting first-order condition as:

P̃t
(
j
)

=
εP

t

εP
t − 1

Et

∞∑

s=0

(
βPCtθP

)s λP
t+s

λP
t

Yt+s
(
j
)

mct+sPt+k

Yt+s
(
j
) , (22)

where P̃t
(
j
)

is the price set by intermediate firm j if it is allowed to change its price in period
t. As all firms are identical, this price will be the same for all firms. Note also that the
relevant stochastic discount factor is the one for patient households, βPCt

λP
t+s
λP

t
, as these are the

owners of the firms. Finally, εP
t is the elasticity with which final goods producers substitute

between different varieties of the intermediate good, and is given by:

(
εP

t

εP

)
=



εP

t−1

εP



ρεP

exp εeP

t , (23)

where εeP

t is an i.i.d. stochastic process with mean zero and variance σε
P
, and where

0 < ρεP < 1. εP > 0 measures the steady state elasticity of substitution. I can write the
evolution of the aggregate price index as

Pt =

[
θP

(
πC

t−1

)(1−εP
t )Γt

Pt−1
1−εP

t + (1 − θP)
(
P̃t

)1−εP
t

] 1
1−εPt

, (24)

highlighting that the share (1 − θP) of prices are reset in each period. Finally, Dt measures
the loss associated with price dispersion, and is given by

Dt = (1 − θP)
(
P̃t

)−εP
t

+ θP

(
πC

t−1

)−εP
t Γt

(
πDK

t

)εP
t Dt−1, (25)
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where πDK
t is the domestic inflation rate of the Danish producer price index, πC

t is the
inflation rate in the Danish CPI-index, the parameters Γt denote price indexation to CPI
inflation.

2.3.2 Final Goods Producers

Firms in the final goods sector operate under perfect competition. They collect a variety
of intermediate goods and repackage these into a final good to be used for consumption,
either by the government or by private households, investment. In doing so, they solve
a cost minimization problem by choosing intermediate input goods so as to produce the
final output, Yt, at the lowest possible price. Final goods producers aggregate intermediate
goods according to:

Yt =



∫ 1

0
Yt

(
j
) εPt −1

εPt dj




εPt
εPt −1

. (26)

I can write the price index of domestically produced final goods as:

Pt =

(∫ 1

0
Pt

(
j
)1−εP

t dj
) 1

1−εPt
, (27)

where Pt
(
j
)

is the price set by intermediate goods firm j.

2.3.3 Final Consumption, Investment, Residential investments, and Capital goods

I assume that each type of household j = P, I,E combine domestically, C j,DK
t , and foreign,

C j,F
t , produced goods into a final composite consumption good, C j

t , according to a constant
elasticity of substitution (CES) technology:

C j
t =

(
ϑ

1
υc
c

(
C j,DK

t

)1− 1
υc + (1 − ϑc)

1
υc

((
1 − χC

t

)
C j,F

t

)1− 1
υc

) 1
1− 1

υc , (28)

where υc > 1 measures the elasticity of substitution between foreign and domestic goods,
and ϑc > 0 measures the steady state share of foreign and domestic goods in the consumption
basket, and thus also the degree of home bias in consumption assumed to be equal for all
household types. I follow Erceg et al. (2000) and Christoffel et al. (2008) and assume that
there is a cost to adjusting the share of imported consumption goods, represented by the
function χC

t , which is given by:

χC
t =

χC

2




CF
t

Ct
ωI

t

CF
t−1

Ct−1

− 1




2

, (29)
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with χC > 0 measuring the adjustment cost, and where ωI
t is an import shock, which follows

the process: (
ωI

t

ωI

)
=



ωI

t−1

ωI



ρωI

exp
(
εω

I

t

)
, (30)

with ωI > 0, 0 < ρωI < 1, and where εω
I

t is an i.i.d. stochastic process with mean zero and
variance σω

I
. Notice, that it is costly to change import relative to domestic produced goods

in the index. It is not costly to change both imported and domestically produced goods by
the same amount.

Likewise, capital good producers combine foreign and domestic investment goods into
a final sector-specific investment good using a similar CES technology:

IY
t =

(
ϑ

1
υI
Y,I

(
IY,DK
t

)1− 1
υI +

(
1 − ϑY,I

) 1
υI

((
1 − χI

t

)
IY,F
t

)1− 1
υI

) 1
1− 1

υI , (31)

where the parameters are defined as above. The adjustment cost function χI
t is defined

similar to that for consumption goods. Observe that I allow the home bias parameter, ϑY,I

and ϑC, to differ between sectors. This reflects e.g. that the share of imported investment
goods is much lower in the consumption goods sector than in the investment goods sector.

I assume that housing goods, IH
t , also consist of both foreign and domestically produced

goods with its own home bias parameter, ϑX, and an adjustment cost function χH
t defined

similar to that for consumption and investment goods:

IH
t =

(
ϑ

1
υI
X,I

(
IH,DK
t

)1− 1
υI +

(
1 − ϑX,I

) 1
υI

((
1 − χIX

t

)
IH,F
t

)1− 1
υI

) 1
1− 1

υI . (32)

I note that the government is assumed to have a home-bias of 1 and hence does not need to
collect imported goods into its final consumption unit.

As in Erceg et al. (2000), and taken consumption as an example, the optimal composition
of final consumption is found by choosing the values of CDK

t and CF
t that solve a cost-

minimization problem subject to (28). The two resulting first-order conditions are:

PDK
t

PC
t

=

(
ϑc

CDK
t

) 1
υc (
ϑ

1
υc
c

(
CDK

t

)1− 1
υc + (1 − ϑc)

1
υc

((
1 − χC

t

)
CF

t

)1− 1
υc

) 1
υc−1

,

PF
t

PC
t

= (
(1 − ϑc)

(1 − χC
t )CF

t

)
1
νc (1 − χC

t − (χC
t )
′
CF

t )∗

(ϑ
1
νc
c (CDK

t )1− 1
νc + (1 − ϑc)

1
νc (CF

t (1 − χC
t ))1− 1

νc )
1

νc−1 , (33)
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which can be combined to yield:

CDK
t

CF
t

=
ϑc

1 − ϑc

(
PF

t

PDK
t

)υc (
1 − χC

t

) [
1 − χC

t −
(
χC

t

)′
CF

t

]−υc
, (34)

where PDK
t and PF

t denote the price of domestic and foreign goods, respectively. I can write
the relative prices of consumption and investment goods as follows:

PC
t

Pt
=



ϑc + (1 − ϑc)




PF
t

PDK
t

1 − χC
t −

(
χC

t

)′
CF

t




1−υc



1
1−υc

, (35)

Note that in the absence of adjustment costs, the optimal composition would depend only
on the relative price, the elasticity of substitution and the steady state consumption shares.
Also, for consumption the optimal consumption needs to be found for each agent, the patient
and impatient household as well as for the entrepreneur. Similar results hold for investment
goods and housing goods.

PPP does not hold in this model due to the presence of home bias. That is, for equal
cost of buying a basket consisting of goods produced at home versus a basket consisting of
goods produced abroad, the Danish household would prefer the home basket.

2.3.4 Capital goods producers

As noted previously, introducing capital good producers is a device to derive a market
price for capital. As shown later, this is necessary to determine the value of entrepreneurs’
collateral. I assume that the patient household owns the capital goods producers.

The capital goods producers do as follows. At the beginning of each period each
capital producer among the continuum of producers buys an amount, IY

t , of the final good
from the final goods producers, and the stock of depreciated capital from the previous
period,

(
1 − δK,Y

)
KY

t−1, from the entrepreneur, which rents capital to the intermediate goods
producers to the rental rate rKY

t . New capital stock is sold back to entrepreneurs at the end
of the period at the price Pk

t . Capital can be converted one-to-one into new capital, while the
transformation of the final good is subject to adjustment costs. Hence, the capital producers
technology is:

KY
t =

(
1 − δK,Y

)
KY

t−1 +
(
1 − SY

t

)
ItIY

t , (36)

where the function SY
t = κI

2

(
IY
t

IY
t−1
− γI

)2
is the investment adjustment cost function, with the

parameter κI > 0 measuring the cost of changing the investment level. Following Christiano
et al. (2005), the consequence of introducing an investment adjustment cost function is that
it gives rise to a wedge between the price of new investment and the price of installed
capital outside steady state. γI > 0 denotes the steady state growth rate of investment. It is
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a transitory investment-specific technology shock, which evolves according to:

It

Ī =

(It−1

Ī
)ρI

εIt+1, (37)

with Ī > 0, 0 < ρI < 1, and where εIt+1 is an i.i.d. stochastic process with mean zero and
variance εIt+1. The permanent (non-stationary) investment-specific technology shock is given
by ZP

t , so that Zt = ItZP
t .6 The permanent component follows the process:

dZt ≡
ZP

t

ZP
t−1

= λzt, (38)

where, in turn
λzt

λz
=

(
λzt−1

λz

)ρλZ

exp εZP
t .

Thus, λzt denotes the time t growth rate of investment-specific technology, while λz > 0 is
the steady state growth rate. ελZ

t is an i.i.d. stochastic process with mean zero and variance
σλZ , while 0 < ρλZ < 1. I thus assume a negative trend in the relative price of investment
goods in the form of a non-stationary investment- specific technology shock. The drop in the
relative price of investment goods is typically ascribed to IT-related investment components,
such as computers.

The maximisation problem for the capital goods producers,

max
IY
t

Et



∞∑

j=0

(
βP

) j
λP

t+ j

{
PK

t+ j

[(
1 − δK,Y

)
KY

t+ j−1 +
(
1 − SY

t+ j

)
It+ jIY

t+ j

]
− PY

t+ jI
Y
t+ j

}

 ,

leads to the following optimality condition:

PI,Y
t

Pt
= QY

t It

[
1 − SY

t − SY,′
t IY

t

]
+

(
βPCt

)
Et


Q

Y
t+1It+1

λP
t+1

λP
t

SY,′
t+1IY

t




IY
t+1

IY
t




2 , (39)

in which QY
t ≡

PK
t

Pt
is the real price of capital or Tobin’s Q. To get some intuition about

how investments work in this model, it can be useful to rewrite equation (39) as follows

λP
t

PI,Y
t

Pt
= QY

t λ
P
t It

[
1 − SY

t − SY,′
t IY

t

]
+

(
βPCt

)
Et


Q

Y
t+1It+1λ

P
t+1SY,′

t+1IY
t




IY
t+1

IY
t




2 .

The left hand side of this expression is the marginal costs, in terms of utility, of a unit of
investment. This must be equal to the marginal benefit, which consists of the value in terms

6I point out for clarity that the total investment shock, Zt, affects the economy through equation (36). I have
however written the model in detrended form and consequently only the part of Zt, which is related to the
transitory part, It, shows up in (36).
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of utility of the extra capital the extra investment produces, QY
t λ

P
t It

[
1 − SY

t − SY,′
t IY

t

]
, plus

the fact that the extra investment also saves potential adjustment costs the next period

discounted to the present,
(
βPCt

)
Et

[
QY

t+1It+1λP
t+1SY,′

t+1IY
t

(
IY
t+1

IY
t

)2
]
.

2.3.5 Residential investment

I assume the existence of a continuum of construction firms, which rent land from the
entrepreneurs and buy housing investment goods, IH

t , from the final goods producers. The
construction firms produce final residential unit, Xt, under perfect competition. The idea is
that the construction firm sort to say, finds land and puts a house on it. I assume that the
patient households are the owners of the construction firms. Notice that the production
of housing does include the use of labour and capital, which enter implicitly through the
production of the housing investment goods.7

The technology used by the construction firms is a standard Cobb-Douglas production
function in land and housing investments goods

Xt = AX
t (lt−1)α

X ( ˜IH
t

)1−αX

.

The firms pay installation costs in the same way as capital goods producers face investment
adjustment costs. Intuitively, the goods purchased need to be converted into housing goods
and that is costly. Hence, the production function includes ˜IH

t , which is given by

˜IH
t = IH

t

(
1 − SX

t

)
,

in which SX
t = κIX

2

(
IH
t /I

H
t−1 − 1

)2
, with the parameter κIX > 0 measuring the cost of changing

the investment level.

The residential investors face a similar problem as the capital goods producers. This
leads to the following relation:

PI,X
t

Pt
= QH

t

(
1 − αX

) 1 − SX
t − SX,′

t

IH
t

IH
t−1




Xt

˜IH
t

+ βPCtEt



λP

t+1

λP
t

QH
t+1

(
1 − αX

) Xt+1

˜IH
t+1

SX,′
t+1




IH
t+1

IH
t




2 (40)

Consequently, the real house price becomes the shadow value of the investment cost
constraint, as this would be the value to investors of a marginal relaxation of this constraint.

Finally, total factor productivity in the construction sector, AX
t , consists of a permanent

and a temporary component similarly to the goods sector. However, in line with data for
7A different modeling strategy would have been to set up a construction producing sector with its own capital

and labour input. However, that would have involved different wages for the same type of workers, unless the
labour input choice would be interdependent. That would in turn have involved a less tractable model analytically,
that would create a complex interplay between borrowing constraints and labour supply. That in turn would create
problems for a large-scale model like the current model. See also the comments made in Iacoviello and Neri (2010).
The chosen setup in this model is analytically much simpler.
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Denmark, I assume that the trend growth rate of productivity in the construction sector is
lower than in the rest of the economy; λY

A > λ
X
A. This assumption, together with the fact

that land is in fixed supply, also makes way for an upward trend in real house prices in the
model.

2.3.6 The Entrepreneur’s Problem

The entrepreneur rents capital and land to the firms, either intermediates or residential
investors, to maximise its consumption. I assume that the entrepreneur obtains utility from
non-durable consumption only:

E0

∞∑

t=0

(
βECt

)t
log

(
CE

t − hCCE
t−1

)
, (41)

and where, as already mentioned, βE < βP. The entrepreneur faces the following budget
constraint:

(
1 + τVAT

t

) PC
t

Pt
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t − BE
t +
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t−1

πDK
t

+QL
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(
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)
+

PIY
t

Pt
IY
t

= QL
t lt−1 + rL

t lt−1 + rK,Y
t uY

t KtKY
t−1

−
(
τK

t rK,Y
t uY

t Kt − τK
t δ

K,Y + zuY (
uY

t Kt

))
KY

t−1

+
κRE

t BE
t−1

(
RL,E

t−1 − 1
)

πDK
t

(42)

The representative entrepreneur must pay for his non-durable consumption, new investment
in the capital stock to be rented to intermediates, and new additions to his stock of land, lt.8

His income derives from renting his stock of capital (net of capital taxes and tax deductions
on debt, κRE

t , and utilization costs) and land to the firms to the rental rate. rL
t . I assume that

the tax deduction for the entrepreneur follows the process

κRE
t

κRE
=



κRE

t−1

κRE



ρκR

exp εκ
RE

t

, where κRE > 0, 0 < ρκR < 1, and where εκ
RE

t is an i.i.d. stochastic process with mean zero
and variance σκ

RE
. Finally, the entrepreneur must pay a property tax, τL

t , on his land holdings.
I assume that the entrepreneur needs to use his accumulated stock of capital and land as

8It is assumed that the stock of land does not depreciate.
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collateral:

BE
t ≤ ΘE

t

Et

[
QY

t+1KY
t π

DK
t+1 + QL

t+1ltπDK
t+1

]

RL,E
t

, (43)

where, as above, 0 < ΘE < 1 is the loan-to-value (LTV) ratio faced by entrepreneurs, and
where QY

t denotes the price of installed capital coming from the maximisation problem for
the capital goods producers. The need to post collateral is an assumption and does not arise
endogenously. It can however, be motivated by absence of contract enforcement like for the
impatient households.

2.3.7 The Entrepreneur’s Optimal Behaviour

The problem of the entrepreneur is to maximize (41) subject to (42). He does so by choosing
his consumption, CE

t , borrowing, BE
t , stock of land, lt, and capital, KY

t . The first-order
conditions arising from this problem are:
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(44)
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lt :
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λE
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(
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)
Et
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(46)

KY
t : QY

t = βECtEt[
λE

t+1

λE
t

(rK,Y
t+1(1 − τK

t+1)uY
t+1Kt+1 + δK,YτK
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+ ΘE
t
µE

t

λE
t

Et[QY
t+1π

DK
t+1]

RL,E
t

. (47)

Here, I let λE
t and µE

t denote the Lagrange multipliers associated with respectively the budget
constraint and the collateral constraint. The multiplier on the collateral constraint, µE

t , equals
the increase in lifetime utility from borrowing an additional amount to a cost equal to the
interest rate charged by the banks, RL,E

t , consuming or investing the proceeds and reducing
consumption the following period; it measures the shadow price of a marginal slack in that
constraint.

Relation (46) says that the entrepreneur buys land until the marginal cost of doing so,
the after tax costs in terms of utility,

(
1 + τL

t

)
λE

t QL
t , equals the discounted marginal benefit

which consists of the rental income from housing producers and the resale value of housing,

rL
t+1 + QL

t+1, and finally the collateral value of buying an extra unit of land, µE
t ΘE

t
Et(QL

t+1π
DK
t+1)

RL,E
t

.

The intuition behind the first order condition with respect to capital can perhaps be
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explained easier by rewriting the condition in the following manner:

λE
t QY

t = βECtEt[λE
t+1(rK,Y

t+1(1 − τK
t+1)uY

t+1Kt+1 + δK,YτK
t+1 − zuY

(uY
t+1Kt+1) + (1 − δK,Y)QY

t+1)]

+ ΘE
t µ

E
t

Et[QY
t+1π

DK
t+1]

RL,E
t

. (48)

Hence, when the entrepreneur decide how much capital he wants, he equates the marginal
costs in terms of utility of an extra unit of capital, QY

t λ
E
t , to the marginal benefit in terms of

utility of expanding capital by one extra unit. The marginal benefit consists of the after tax
return from the extra capital plus the resale value in the next period minus the compensation
for utilisation rate plus the value of being able to expand the collateral constraint. This

last term, µE
t ΘE

t
Et(QY

t+1π
DK
t+1)

RL,E
t

, is new relatively to a standard DSGE model with capital and
investments.

Box C: More on the determination of house prices
The previous sections have documented two important new features in comparison with a more
standard DSGE model like the one in Pedersen and Ravn (2013) namely residential investments
and financial frictions. Here the aim is to provide more insight to how these features work. I
start with residential investments and the determination of the house price.

Defining the stochastic discount factor for the patient household as MP
t+1 ≡

(
βPCt

) λP
t+1
λP

t
, the

marginal utility of housing as UHP ,t ≡ ςHPHt
1

HP
t

, and the marginal rate of substitution between

consumption of goods and housing as MRSCP ,HP

t ≡ UHP ,t
UCP ,t

, equation (6), the first order condition
for housing for the patient household, can be rearranged as

(
1 + τH

t

)
QH

t = MRSCP ,HP

t +
(
1 − δH

)
Et

(
MP

t+1QH
t+1

)
.

This relation says that the (after tax) house price can be written as the relative housing services
or flow of benefits the consumer gets in terms of consumption, MRSCP ,HP

t , plus the expected
discounted house price tomorrow.

The relation can also be understood in terms of user cost of housing, usct+1 ≡
(
1 + τH

t

)
QH

t −(
1 − δH)

Et

(
MP

t+1QH
t+1

)
, which says that the consumer consumes housing until the marginal benefit

in terms of marginal utility, MRSCP ,HP

t , equals the costs of doing so, the user cost of housing. The
user cost depends positively on the house price today and negatively on the future house price,
which constitutes the expected discounted marginal utility of the gains from expanding future
consumption through the non-depreciated resale value of the extra unit of housing. This can
perhaps be seen more clearly from a log-linearisation of the user-cost:

m̃rst ≈ τ̃H
t + MRSq̃H

t −
(
1 − δH

)
β∆̃qH

t+1 +
(
rLI

t − πDK
t+1

)
,

in which a ” ∼ ” above a lower case variable denotes deviations from steady state in percentages.

As above, the user cost of purchasing an extra housing good consists of tax payments
on the value of the house, τ̃H

t , the real price of housing, MRSq̃H
t , and the real interest rate the
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household pays on mortgage debt,
(
rL,I

t − πDK
t+1

)
. Lower real interest rates, given the supply of

housing, increases the price of housing as investments in other assets yield lower returns, so
investors will purchase more housing, which pushes up the house price until the rate of return
on all assets in the economy are equalised. From the user cost must be deducted the expected
discounted resale value of the extra housing unit after depreciation,

(
1 − δH)

β∆̃qH
t+1, and the part

of the debt that a household can deduct part of the interest payments in the household’s tax bill

reflected in the term, κRI
t

(
RL,I

t−1−1
)

πDK
t

left out in the calculations above for brevity.

Both expressions show that expectations play a key role for current house prices. Specifically,
the current house price can be written as the discounted sum of future housing services:

QH
t

(
1 + τH

t

)
= Et


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(
1 + τH

t+ j
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t+ j


 . (49)

This relation is an asset price condition: The price of housing today is the expected, discounted
after tax value of housing dividends. This implies as an example, that changes in tax rates in the
future have consequences for the current house price now and not only when the changes are
implemented.

Everything said above relates to the patient household and only partly to the impatient
household. The impatient household differs from the patient by its collateral constraint. This
constraint affects the first order condition with respect to housing, equation (11), through the

term ΘI
tµ

I
t

Et(QH
t+1π

DK
t+1)

RL,I
t

. The insight is however the same: Expectations are key to the development
of house prices. As an example, the user cost for the impatient household can be written as
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Et
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, (50)

or the house price can be written as

(
1 + τH

t

)
QH

t = MRSCI ,HI

t +
(
1 − δH
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Et

(
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t+1QH
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)
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, (51)

and consequently includes a further term, which lowers the user cost of housing compared to the
patient household. As noted previously, this term reflects the utility gain the impatient household
gets from a marginal loosening of its collateral constraint. That is, by purchasing more housing
units the impatient household also expands its opportunities to increase its borrowing. Again,
higher expected house prices in the future lower the user cost not only through the second term
but also through the third terms as higher house prices loosen the collateral constraint. From
expression (51), it can also be seen that the LTV-ratio, ΘI

t, is a determinant of the development of
house prices, as it determines how much the impatient household can use housing as collateral
and hence the marginal valuation of extra housing.

All the above relates to the demand for housing. The supply of housing is given by the
construction sector and more specifically through the lagrange-multiplier on the construction
firms cost minimisation problem. The output price equals their marginal costs as these firms
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operate under perfect competition.a

aFor Danish readers familiar with the large-scale macroeconometric models, like ADAM, MONA and/or
SMEC there is a quite close analogy between how construction and housing is set up in this model and
the previous mentioned models. Demand for housing stems from the household’s first order conditions.
Construction firm supplies what is demanded to the given price. The real house price can be interpreted

as a Tobins Q relationship. As an example, in SMEC Tobins’ Q equals
ph

t(
pland

t

)0.2(
pINV

t

)0.8 . However, one

major difference between the two modeling strategies is the formation of expectations and forward-looking
behaviour, which can play a key role for the determination of house prices as shown above.

Box D: More on the financial accelerator mechanism(s)
This model has two collateral constraints and, as I will show below, two financial accelerator
mechanism: One on the household side and one on the production side through the entrepreneur.
From equation (8), borrowing of impatient households is tied to the collateral constraint. This
consists of the expected future value of its house. If the house price increases due to a shock,
the collateral value increases which increase the borrowing capacity allowing the impatient
household to spend more. Given that impatient households have a higher consumption
propensity than patient households, the increase in borrowing increases demand further and
leads to an amplification or accelerator mechanism. As written in the introduction to this paper
the housing boom in the Danish economy coincided with quite high consumption growth.
Clearly, in a representative agent framework, this cannot be due to increases in housing wealth.
Data, however, points to a positive increase in consumption in response to a shock to the house
price, see e.g. Iacoviello (2005) or Carroll et al. (2011). This model with the two household
setup, a collateral constraint, and different discount factors has the potential to generate such
comovements.

Overall, the same mechanism plays out on the production side. Here the entrepreneur on
top of its budget constraint faces a collateral constraint, equation (43), which depends on expected
future prices of capital and land. The borrowing is thus tied to asset prices. While the impatient
households’ collateral constraint has the ability to generate an amplification mechanism through
consumption, the collateral constraint the entrepreneur faces works through investments. When,
as an example, the land price or the price of capital increase, the entrepreneur can post more
collateral to the banks, increase its borrowing, buy more land and capital, which increases demand
in the economy and an amplification mechanism plays out. This is the financial accelerator of
Bernanke et al. (1999) and Kiyotaki and Moore (1997). Again, this mechanism has the potential
to amplify responses to shocks in comparison with the model in Pedersen and Ravn (2013). It
also has the potential to explain the comovements between output and credit, as noted in the
introduction to this paper.
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2.4. The Banking Sector

As described in the introduction, banks are subject to monopolistic competition in the
markets for loans. To describe banks’ profit maximization, it is convenient to assume
that each bank consists of three separate branches: A deposit branch, whose job it is to
set the deposit rate, RD

t , and receive deposits from patient households, a loan branch,
which similarly extends loans to impatient households and entrepreneurs and sets the
corresponding lending rates, RL,I

t and RL,E
t , and finally a wholesale branch which acts as

the link between the two other branches, and makes the overall decisions of how much
to borrow and lend, how much capital to hold etc. In other words, the wholesale branch
manages the bank’s balance sheet, which simply equals loans to deposits plus bank capital.
Bank capital is accumulated via retained earnings.

I deviate from the setup of Gerali et al. (2010) in some aspects. While Gerali et al. (2010)
assume monopolistic competition also in the market for deposits, I assume that the deposit
market is characterized by perfect competition, and that, correspondingly, deposit rates are
fully flexible. The reason for this is twofold: First, I believe that agency problems in banking
are likely to be much more important for bank lending than for deposits partly because of
deposit insurance mechanisms. Second, and more importantly, Denmark’s fixed exchange
rate requires me to assume that (patient) Danish households and foreign households have
access to the same savings rate in order to ensure that equilibrium real interest rates are
equalized across countries. Yet, if I were to assume monopolistic competition in the deposit
market, this would drive a wedge between the interest rate in the eurozone and the deposit
rate in Denmark. One potential solution would be to introduce monopolistic competition in
the deposit market in the eurozone, but this would greatly enhance the number of equations
in the model. Instead, I abstract from monopolistic competition in the European and in the
Danish deposit markets. In the following, I describe each of the three branches in turn.

2.4.1 The Wholesale Branch

It may be helpful to think of the wholesale branch as the headquarters of each bank, with
the loan and deposit branches operating according to its instructions. Unlike the two retail
branches, the wholesale branch operates under perfect competition.

I first present the balance sheet of each wholesale bank jb:

Bt

(
jb
)

+ D∗t
(
jb
)

= DP
t

(
jb
)

+ KB
t

(
jb
)
, (52)

where KB
t

(
jb
)

denotes bank jb’s accumulated stock of bank capital, and where, as described in

the next two subsections, Bt

(
jb
)

and DP
t

(
jb
)

denote total lending and total domestic deposits

of bank jb. D∗t
(
jb
)

denotes bank jb’s borrowing/lending on international financial markets,
where it has access to unlimited funds at the gross interest rate RINT

t , which equals the gross
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policy rate set by the European Central Bank, RECB
t , plus a risk premium that depends on

the ratio of foreign Danish private-sector debt to GDP.9 Formally, the effective interest rate is
given by:

RINT
t = RECB

t exp


−ψD∗

d




D∗t
Yt
− D

∗

Y





(Rt

R̄
)
. (53)

If the ratio of Denmark’s aggregate net foreign asset position to GDP falls short of its steady
state level, Danish banks will have to pay a risk premium on top of the interest rate set by
the ECB. This reflects that foreign investors will be less willing to lend additional funds
to Danish debtors. In turn, the higher interest rate will make it less attractive for Danish
banks to borrow abroad, so that eventually the asset-to-output ratio will return to its steady
state level. In this respect, ψD∗

d > 0 measures the sensitivity of the risk premium with
respect to the net level of holdings of foreign bonds, or equivalently, Denmark’s net foreign
asset position.10 I assume that each bank does not internalize the effects on Denmark’s net
foreign asset position, and thus on the risk premium, of its individual international debt.
Consequently, RINT

t is the de facto policy rate for the Danish economy. Moreover, I let Rt

denote a shock to the risk premium. This shock evolves as:

Rt

R̄ =
(Rt−1

R̄
)ρR

exp εRt+1, (54)

where R̄ = 1, 0 < ρR < 1, and where εRt+1 is an i.i.d. stochastic process with mean zero and
variance σR.

I point out that RINT
t can differ from the gross borrowing rate for the Danish government,

RDK
t , both due to different debt elasticities and due to the fact that the risk premia differs

between the two types of debt contracts. One depends on public sector debt while the other
depends on total Danish debt. I stress that this way of modeling only reflects a wish to have
more flexibilities in conducting policy experiments, as an example shocks to the perceived
ability of the government to pay off its debt and/or stress on the financial markets.

As already mentioned, banks accumulate capital out of retained earnings according to
the following law of motion:

πDK
t KB

t

(
jb
)

=
(
1 − δB

)
KB

t−1

(
jb
) κB

t

κ̄B + Ξt−1

(
jb
)
, (55)

where Ξt−1

(
jb
)

measures overall bank profits, i.e. from all three branches, and δB > 0 may
be interpreted as dividend payments to the owners of the bank, i.e. the patient households.
The implication of equation (55) is that increases in bank capital can only come by through

9Note that I have placed D∗t
(
jb
)

on the asset side of the bank’s balance sheet. The intuition is, that it can be
thought of as Denmark’s net foreign asset position.

10The assumption of a risk premium on foreign bonds is only made to ensure a stationary model as in Schmitt-
Grohé and Uribe (2003). Without such an assumption it would be possible for the consumers to borrow indefinitely
in the international bond market and consume the proceeds.
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retained earnings and consequently rules out all other options for recapitalisation like raising
capital on the stock market. Remedying shortage of capital thus necessarily takes time.
However, during the crisis, banks which were exposed to large write-downs necessarily
also had difficulties raising new capital. Hence, during deep financial crisis the assumption
behind equation (55) are perhaps not that unrealistic and during ”normal” times, banks are
able to build up their capital through retained earnings and can avoid the stock market.

κB
t is a shock to bank capital and can be interpreted as a sudden, unexpected write down

shock as an example due to fire sales in a financial crisis or counterparty risk and/or default.
This shock serves the purpose of providing insight into the functioning of the model. I
assume that the shock evolves as:

κB
t
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exp
(
εκ

B

t

)
,

where κ̄B = 1, 0 < ρκB < 1, and where εκ
B

t is an i.i.d stochastic process with mean zero and
variance σκB .

The wholesale branch of the bank chooses the overall amounts of lending and deposits
of the bank so as to maximize profits. In addition, the wholesale branch takes into account
the capital requirement imposed on banks: In any given period, it is costly for a bank to
deviate from a target value κB > 0 for the bank’s capital-to-assets ratio, KB

t

(
jb
)
/Bt

(
jb
)
. I

follow Gerali et al. (2010) in assuming that the costs of deviating take on a quadratic form
and are proportional to bank capital. I may then write the problem of the wholesale branch
as:

max
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(
RL

t − 1
)

Bt

(
jb
)

+
(
RINT

t − 1
)

D∗t
(
jb
)
−

(
RD

t − 1
)

DP
t

(
jb
)

−ΦB

2




KB
t

(
jb
)

Bt
(
jb
) − κB




2

KB
t

(
jb
)
,

subject to (52), which I have inserted before maximizing. Here the parameter ΦB > 0 is the
cost of deviating from the capital-ratio, κB. In the expression above, RL

t denotes the gross
interest rate charged by the wholesale branch on the loans it makes to the loan branch, and
RD

t is the gross interest rate paid by the wholesale branch on the funds it receives from the
deposit branch. I assume that each individual bank does not internalize the effects on the
Danish risk premium from its choice of international borrowing. The first-order conditions
for DP

t

(
jb
)

and Bt

(
jb
)

may be combined and rewritten to yield:

RL
t = RD

t −ΦB
(

KB
t

Bt
− κB

) (
KB

t

Bt

)2

, (56)

where I consider a symmetric equilibrium and therefore have excluded the index jb’s. This
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condition shows that if the capital-to-asset ratio (or inverse leverage ratio) of the bank falls
short of its target ratio, the wholesale branch will charge a lending rate that exceeds the
deposit rate, RD

t , at which it remunerates its deposit branch, so as to increase its capital
ratio. The further away the actual capital-ratio is from the target ratio and the more costly
it is to do so, governed by ΦB > 0, the higher is the spread. Equation (56) can therefore
be interpreted as a loan supply schedule: When loans, Bt, increase, the capital-asset ratio
falls below target, κB, and the bank is induced to raise the lending rate to balance the extra
income from giving the loan with the cost of deviating from the optimal capital ratio.

The first-order condition for D∗t
(
jb
)

may be combined with the other first-order condi-
tions to yield:

RD
t = RINT

t . (57)

This condition ties the domestic deposit rate to the international funding rate faced by banks,
which in turn is a function of the ECB’s policy rate, and thus is exogenous to the Danish
economy.

Furthermore, I assume that Danish banks also have access to unlimited funds from
Danmarks Nationalbank at the gross Danish policy rate Rt. By no-arbitrage arguments, the
policy rate and the international interest rate (i.e., the ECB’s interest rate plus risk premium)
will always be equalized in equilibrium, reflecting Denmark’s fixed exchange rate towards
the euro. In addition, also by no-arbitrage, the deposit rate paid by the wholesale to the
deposit branch will also be equal to the policy rate, RD

t = Rt.

Finally, I can define the wholesale interest rate spread as the difference between its
lending rate and its deposit rate. This can be written as:

SW
t ≡ RL

t − RD
t = −ΦB

(
KB

t

Bt
− κB

) (
KB

t

Bt

)2

. (58)

2.4.2 The Loan Branch

Monopolistic competition in the market for bank loans allows banks to charge a lending rate
that exceeds the marginal cost of lending an extra unit of funds. In particular, I assume that
the market for bank loans is characterized by Dixit and Stiglitz (1977) competition, where a
continuum of banks supply slightly differentiated loan products at different lending rates,
and where borrowers combine these loans into a composite loan basket under a constant
elasticity of substitution so as to minimize their interest rate expenses. In other words, unlike
under perfect competition, if an individual bank decides to raise its lending rate, it will not
lose all (but only some) of its customers. Microeconomic theory of banking competition
points to a number of reasons for such a market, such as switching costs, relationship
banking, asymmetric information, or local monopolies.11

11Following Andrés and Arce (2012) and Andrés et al. (2013), an alternative way of capturing imperfect
competition in the banking sector would be to apply Salop (1979) circular city model.
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Consider first the demand for bank loans from impatient households. Given his total
loan demand BI

t

(
ib
)
, each impatient household, ib, seeks to minimize total loan repayment

in the next period by choosing how much to borrow, BI
t

(
ib, jb

)
, from each bank jb:

min
BI

t(ib, jb)

∫ 1

0

(
RL,I

t

(
jb
)
− 1

)
BI

t

(
ib, jb

)
djb,

subject to



∫ 1

0 BI
t

(
ib, jb

) εbI
t −1

εbI
t djb




εbI
t

εbI
t −1

= BI
t

(
ib
)
, i.e. that the weighted sum of his loans equals

his total loan demand, where εbI
t > 1 is the elasticity of substitution with which impatient

households substitute between loans from different banks. RL,I
t is gross the lending rate on

loans to impatient households. Solving this problem, I arrive at an expression for impatient
household ib’s demand for loans from bank jb, which in a symmetric equilibrium may be
written as the representative impatient household’s demand:

BI
t

(
jb
)

=




RL,I
t

(
jb
)
− 1

RL,I
t − 1




−εbI
t

BI
t. (59)

According to this expression, the demand for loans from bank jb is a decreasing function of
that bank’s lending rate to impatient households relative to the aggregate lending rate in
the economy, and a positive function of the impatient household’s total loan demand. The
elasticity of substitution εbI

t determines the size of the drop in the demand for loans from
each bank following from a marginal increase in that bank’s (relative) lending rate.

Bank lending to entrepreneurs is determined in a similar fashion. This implies that I
can write the representative entrepreneur’s optimal demand for loans from bank jb as:

BE
t

(
jb
)

=




RL,E
t

(
jb
)
− 1

RL,E
t − 1




−εbE
t

BE
t , (60)

where RL,E
t is the lending rate on loans to entrepreneurs, and εbE

t > 1 is the entrepreneur’s
elasticity of substitution between loans from individual banks.

Consider next the problem of the loan branch of the bank itself, which takes demand for
its loan products, (59) and (60), as given when maximizing profits by setting its lending rates.
The loan branch borrows funds from the wholesale branch of the bank at the rate RL

t , and
transforms these into loans made available to impatient households and entrepreneurs at
lending rates RL,I

t and RL,E
t set as markups over RL

t . Profits of the loan branch of the bank are
then given by interest income from loans to households and entrepreneurs minus interest
expenses paid to the wholesale branch, and net of the adjustment costs the bank must pay
when changing its lending rates, which take on a quadratic form as in Rotemberg (1982) and
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are assumed to be proportional to aggregate loan returns so as not to become unimportant
as bank lending increases. The problem of loan branch jb may be written as:

max
RL,I

t ( jb),RL,E
t ( jb)

E0

∞∑

t=0

MP
0,t



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(
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)
− 1

)
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(
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(
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)
− 1

)
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(
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)
−

(
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t − 1
)

Bt

(
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)

−ΦB,I

2

(
RL,I

t ( jb)−1
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t−1( jb)−1

− 1
)2 (

RL,I
t − 1

)
BI

t

−ΦB,E

2

(
RL,E

t ( jb)−1

RL,E
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− 1
)2 (
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t − 1

)
BE

t




,

where Bt

(
jb
)

= BI
t

(
jb
)

+ BE
t

(
jb
)

may be inserted, and where in turn I may insert for

BI
t

(
jb
)

and BE
t

(
jb
)

from (59) and (60). MP
t,t =

(
βPCt

) λP
t+1

λP
t π

DK
t+1

is the stochastic discount factor
of the patient household, who owns the banks. I may write the first-order conditions for
lending to each type of customer j = I,E as:

0 =


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 .

In a symmetric equilibrium, all banks will be charging the same interest rate, and all
customers (of each group) will borrow the same amount from each bank. Imposing this, I
may re-write the first-order condition as:

0 = 1 − εbj
t + εbj

t

RL
t − 1

RL, j
t − 1

−ΦB, j




RL, j
t − 1

RL, j
t−1 − 1

− 1




RL, j
t − 1

RL, j
t−1 − 1

(61)

+ΦB, jEt
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M
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t − 1

− 1


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


RL, j
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RL, j
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


2
B j

t+1

B j
t


 ,

where I still distinguish between the lending rates offered by the bank to its customers, RL, j
t ,

and the rate at which the loan branch borrows funds from the wholesale branch, RL
t . (61)

shows that the lending rate offered to customers is an increasing function of RL
t , which in

turn is a function of the policy rate, as described above. This may be seen more clearly if I
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abstract from interest rate adjustment costs, ΦB, j = 0, in which case (61) boils down to:

(
RL, j

t − 1
)

=
εbj

t

εbj
t − 1

(
RL

t − 1
)
, j = I,E.

From this expression, it can be seen directly that the net lending rate is set as a markup, ε
bj
t

ε
bj
t −1

,

over the marginal cost of funds faced by the loan branch, RL
t , recalling that εbj

t > 1.12 I let
the market power be time-varying. Specifically, I assume that the elasticities of substitution
between different loans for households and the entrepreneur vary according to the following
processes:

εbj
t

εbj
=



εbj

t−1

εbj




ρ
εbj

exp
(
εb, j

t

)
, j = I,E,

where εbj = 1, 0 < ρεbj < 1, and where εb, j
t is an i.i.d. stochastic process with mean zero and

variance σb, j.

In the case of fully flexible loan rates, I may write the spread between the lending rates
and the policy rate as:

SL, j ≡ RL, j
t − Rt =

εbj
t

εbj
t − 1

SW
t +

1

εbj
t − 1

(Rt − 1) ,

using the expression for RL, j
t just derived, the fact that RD

t = Rt, and the definition of SW
t

from (58).

2.4.3 The Deposit Branch

The deposit branch collects deposits from each patient household in the economy and hands
the funds over to the wholesale branch. As described previously, patient households can
only invest in (foreign and domestic) bonds via the banks, i.e. by handing over their savings
to a bank as deposits and have the bank buy the bonds. Therefore, patient households place
all of their savings as deposits.

As described above, I let the deposit branch of the bank operate under perfect competi-
tion. As a result, its task is fairly simple: It receives deposits from patient households at
the economy’s deposit rate, RD

t , and channels these funds on to the wholesale branch at
the same rate. In other words, its profit maximization problem is trivial. The setup of the
deposit branch also implies that the deposit rate is equalized to the international funding
rate faced by banks, i.e. that RD

t = RINT
t , as described above.

12If I increase the elasticity of substitution, the banks lose market power, and eventually, as εbj
t →∞, the markup

will converge to 1, as in the case of perfect competition.
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2.4.4 Bank Profits and the Model’s Interest Rates

I can add together the profits of each of the three branches of the bank to obtain the following
expression for bank profits, where I have abstracted from index jb’s:
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t − 1
)
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(
RL,E

t − 1
)
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t +
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2
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t , (62)

reflecting that bank profits are a function of the spread between its lending rates and its
deposit rates or funding costs, minus the costs of deviating from its optimal capital level
and the costs of adjusting its interest rates.

At the end of the description of the banking sector, it may be useful to summarize how
the different interest rates in the banking sector are related to each other. These include the
economy’s deposit rate, RD

t , the lending rate set by the wholesale branch on loans to the loan
branch, RL

t , the lending rates charged by the loan branch on loans to impatient households,
RL,I

t , and entrepreneurs, RL,E
t , and finally the Danish policy rate, Rt, and the international

interest rate, RINT
t , which in turn is given by the policy rate set by the ECB, RECB

t , plus a risk
premium. These interest rates are related as follows:

RD
t =

No−arbitrage
RINT

t =
No−arbitrage

Rt <
Π

RL
t <

Markup
RL,I

t ,R
L,E
t ,

where Π denotes profit maximization by the wholesale branch.

2.5. The Labor Market

As in Pedersen and Ravn (2013), I model the labor market following Galı́ et al. (2011). In the
present setup, however, I need to treat the two types of households (patient and impatient)
separately. The main building blocks of the labour market are wage-setting households and
sticky wages. Just as for the pricing behaviour of the firms in the model, sticky wages are
achieved by assumption using the theory of Calvo (1983). In this framework, unemployment
is due solely to a non-competitive labour market in which heterogeneous types of labour
can set a wage above the market clearing wage. Unemployment varies due to changes in
the average wage markup in the economy due to wage rigidities.

I assume the existence of two representative households each with a continuum of
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members indexed by
(h, k) ∈ [0, 1] × [0, 1]

Index h refers to differentiated labour services. Hence, I assume the existence of heteroge-
neous types of labour specialized in various fields. This implies that each labour supplier has
some market power to set its wage. I assume the existence of a continuum of labour unions
each representing the different labour types. Index k refers to the household member’s
disutility from work. Hence, the household consists of many labour types who each have
a certain degree of disutility from work.13 I assume full consumption risk sharing across
the household, implying that I do not need to take care of different consumption levels
and hence marginal utilities, and that the individual members of the household have the
household in mind when maximizing utility. The employment level is determined on the
firm side - the household simply supplies the given number of workers at the going real
wage.

When household j chooses how much labor to supply in sector i
(
Ni

t, i = P, I
)
, it equalises

the marginal rate of substitution between leisure and consumption to the real wage:

MRSi
t ≡

χtO
j
t

(
Ni

t

)φ

λ j
t

=
(
1 − τN

t

)
Wi

t, (63)

where MRSi
t ≡ −

Ui,
N,t

Ui
C,t

is the household’s marginal rate of substitution between consumption

and leisure, and φ > 0 is the inverse of the Frisch elasticity. That is, 1
φ measures by how

much the households’ labor supply changes in percent when the real wage increases by
one percent holding consumption constant. Intuitively, at the optimum the disutility of
working more must be compensated by what the real wage can buy in utility terms. If not,
the household would be able to reshuffle between consumption and labour and achieve a
higher utility. The variable O j

t is defined as:

O j
t =

z j
t(

C j
t − hCC j

t−1

) (
1 + τVAT

t

) (
PC

t /Pt

) = z j
tλ

j
t , (64)

with z j
t evolving according to:

z j
t =

(
z j

t−1

)1−ν [(
C j

t − hCC j
t−1

) (
1 + τVAT

t

) (
PC

t /Pt

)]ν
, (65)

where ν ∈ [0, 1]. Following Galı́ et al. (2011), I may interpret z j
t as a smooth trend for

(habit-adjusted) aggregate consumption. In other words, O j
t is smaller than one when

consumption grows faster than this smooth trend, and vice versa. As seen from (63), this

13The parameter ηN in the utility function will help to determine the steady-state employment, but is left out in
what follows.
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implies a drop in the marginal disutility of labor, so that each individual will be willing
to work at a lower wage rate, ceteris paribus. The parameter ν determines the strength
of the wealth effect on labor supply. That is, by how much labor supply is affected by
changes in wealth: If ν is close to 1, the wealth effect is quite strong, while the wealth effect
disappears when ν tends to 0. 14 I assume the same preferences across households and
across sectors except for the subjective discount factors. I also assume an equal degree of
price stickiness across sectors. This does not imply that the wages are equalised across
sectors and households due to different consumption levels.

Finally, in (63), the term χt represents an exogenous shock to labor supply, which
evolves according to:

χt

χ
=

(
χt−1

χ

)ρχ
exp

(
εχt

)
, (66)

where εχt is an i.i.d. stochastic process with mean zero and variance σχ, while 0 < ρχ < 1. I
assume that the labor supply shock hits the labor supply of both households.

In equilibrium, a given individual will participate in the labor market if and only if the
net benefits from doing so exceed that individual’s total disutility of labor. I can write this
participation condition as:

λ j
t

(
1 − τN

t

)
Wi

t ≥ Υt (k) , (67)

where the left-hand side measures the after-tax real wage rate as measured in utility units,
and where Υt (k) ≡ χtO

j
tk
φ represents disutility from working. Here it is important that the

individuals of each type of labour h are ordered by their disutility of labor and that the
condition is related to the household’s marginal disutility of work. Disutility from working
thus consists of the exogenous shock to labor supply χt, the endogenous process O j

t as
described above, and individual-specific labor disutility.

This implies that the labor force will consist of all individuals for which the above
condition is satisfied. In a symmetric equilibrium, I can write the labor force of type j
households in sector i, Li, j

t , as:

Li
t =




(
1 − τN

t

)
Wi

t

χtz
j
t




1
φ

. (68)

That is, the labour force consists of the k individuals for which condition (67) is satisfied.
The sum of these participation rates across labour and household types gives the model’s
aggregate labour force. Notice that the labour force is time-varying. It may increase, for
example, due to labour supply shocks which decrease the marginal disutility of working.

Next I define a notion of unemployment as Ui
t ≡

Li,
t

Ni
t
, i.e. the ratio between the labour

force and employment of a given household type. I define the (log) average wage markup
as the difference between the real wage and the marginal rate of substitution between

14As discussed by Galı́ et al. (2011), a low value of ν is necessary to ensure that not only employment, but also
the labor force moves in a procyclical fashion in response to shocks originating from the demand side.
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consumption and work:

µi
w,t ≡ log(

(
1 − τN

t

)
Wi

t) − φ
(
z j

t + Ni
t + log (χt)

)
.

The wage markup for each household type in each sector varies as long as wages are not
fully flexible, and it is non-zero as long as the labour market is not fully competitive. I can
use this expression together with the participation condition, (68), to write

µi
w,t = φui

t,

where ui
t ≡ log

(
Ui

t

)
. Notice that the natural rate of unemployment ui

n,t is determined as
µi

w = φui
n,t. Hence, unemployment in this model is due solely to a non-competitive labour

market in which heterogeneous types of labour can set a wage above the market clearing
wage, and unemployment varies due to changes in the average wage markup in the economy.
That is, due to wage rigidities. The natural rate of unemployment is higher the higher is the
degree of monopolistic competition and the higher is the Frisch elasticity of labour supply.
When this elasticity is high, the members of the household are more willing to substitute in
and out of employment.

I introduce a variable that for estimation purposes aggregates the two unemployment
rates in the economy

Utot
t ≡

(
UP

t

)ω (
UI

t

)1−ω

2.5.1 The wage decision

The wage formation follows the description in Pedersen and Ravn (2013). Recall that
households supply differentiated types of labour services, giving rise to monopolistic
competition for labour. Furthermore, I assume that the household’s face Calvo-style wage
stickiness. The nature of the problem implies that all households who can reoptimize the
wage rate in a given period choose the same wage w̃P

t, j according to the following first-order
condition:
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 , j = P, I, (69)

where U j
C and U j

N denotes the marginal utility of consumption and labour, and where
0 < θW < 1 is the wage stickiness parameter, and εW

t is the elasticity of substitution between
labor types, which evolves according to:

(
εW

t

εW

)
=



εW

t−1

εW



ρεW

exp εeW

t , (70)

where εε
W

t is an i.i.d. stochastic process with mean zero and variance σε
W

, and where
0 < ρεW < 1. Of the remaining types of workers θW , I allow a fraction ΓW to index their wage
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to the steady state rate of inflation in the CPI-index, πC
t , while the remaining fraction keep

their wage unchanged. We can consequently write the evolution of the wage level in the
private sector as:

W j
t =

[
θW

((
πC

t−1

)ΓW
W j

t−1

)1−εW
t

+ (1 − θW)
(
w̃ j

t

)1−εW
t

] 1
1−εWt

j = P, I. (71)

2.6. Trade and the two foreign economies

Denmark’s fixed exchange rate towards the euro implies that I need to include two foreign
economies in the model: the eurozone, EA, towards which Denmark has a fixed exchange
rate, and Rest of the World, RoW, towards which the exchange rate is fully flexible and
exogenous for Denmark due to the small-economy assumption and with monetary policy
given from the eurozone. The two foreign economies are otherwise completely identical,
and are taken as completely exogenous, so that movements in the Danish economy do not
affect the foreign economies. I also do not model trade or other interactions between the
eurozone and the rest of the world. The models for the two economies and the estimation
can be found in appendix (13).

2.7. Exports

The role of the export sector is to buy final domestic goods, differentiate them, set a price and
sell them to final goods producers in the eurozone or the rest of the world. The motivation
behind the introduction of the import and export sectors is to be able to model an imperfect
pass-through from changes in prices and the exchange rate to the Danish economy through
estimation of the parameters in the export- and import relations. Hence, I can let the data
determine the degree of the pass-through. This modeling strategy is the same as in Pedersen
and Ravn (2013) and Burriel et al. (2010).

I can write the world demand for Danish exports, Ext, as:

Ext = XEx
t YW

t

(
PX

t

PxW
t

)−εWorld

, (72)

where the parameter εWorld denotes the elasticity with which world consumers substitute
between Danish and foreign goods. The demand for Danish exports is thus increasing in
world output and decreasing in the ratio between the relative price of Danish exports, PX

t ,
and the relative world market price, PxW

t . I define the latter as:

PxW
t = PxW

t−1

πW
t

πDK
t

, (73)
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where πW
t is the world inflation rate, as described above in appendix (13). The relative price

of Danish exports, PX
t , is defined as:

PX
t = PX

t−1

πX
t

πDK
t

, (74)

where πX
t is the inflation rate in Danish exports prices, as described below. Finally, the

export demand shock XEx
t evolves according to:

XEx
t

X̄Ex
=




XEx
t−1

X̄Ex



ρEx

exp
(
εEx

t

)
, (75)

where εEx
t is an i.i.d. stochastic process with mean zero and variance σEX, and where

0 < ρEx < 1.

Firms in the export sector are faced with price rigidities of the same form as in the
domestic production sector. I can therefore write the optimal export price P̃X

t set by a given
firm j in the export sector that is allowed to change its price in period t as:

P̃X
t
(
j
)

=
εX

t

εX
t − 1

Et
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(
βθX

)s λt+s
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(
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)
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X
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YW
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(
j
) , (76)

where θX is the Calvo stickiness parameter in the export sector, and mcX
t is the real marginal

cost for the export firms in foreign currency terms equal to mcX
t = Pt

PX
t

. Finally, εX
t is the

elasticity of substitution between the goods produced by each individual firm in the export
sector, which follows the process:

(
εX

t

εX

)
=



εX

t−1

εX



ρεX

exp εε
X

t , (77)

where εε
X

t is an i.i.d. stochastic process with mean zero and variance σε
X
, and where

0 < ρεX < 1. Of the remaining θX firms, I allow a fraction ΓXt to index their price to the
rate of CPI inflation, while the remaining fraction of firms keep their price unchanged. The
inflation rate in Danish export prices will then satisfy:

1 = θX

(
πC

t−1

)ΓXt (1−εX
t ) (
πX

t

)εX
t −1

+ (1 − θX)
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
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1−εX
t

. (78)
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2.8. Imports

The structure of the importing sector can be described as follows: A continuum of import
differentiators import a homogenous final good from foreign exporters, differentiate the good
(say, by adding brand names), and sell the differentiated products to Danish households
and firms, who, as described above, solve a cost minimization problem when they choose
between imported and domestically produced goods. The world market price of import
goods, which in turn determines the marginal cost of Danish import differentiators, is
computed as a weighted average of prices in the eurozone and the rest of the world.15 I can
write the marginal cost for an import differentiator as:

mcM
t =

PxW
t

PM
t

, (79)

where, as described in the previous subsection, PxW
t is the relative world market price, and

PM
t is the price of imported goods relative to Danish goods,

PM
t = PM

t−1

πM
t

πDK
t

(80)

I define the inflation rate of import prices in Denmark, πM
t , below. Just like domestic and

exporting firms, the firms in the import sector face sticky prices as in Calvo (1983). I can
therefore write the optimal price P̃M

t chosen by a given import differentiator j that is allowed
to change its price in period t as:

P̃M
t

(
j
)

=
εM

t

εM
t − 1
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(
j
)
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M
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(
j
) , (81)

where θM is the Calvo stickiness parameter in the import sector. Imt denotes total Danish
demand for imported goods. In the expression for the optimal price, εM

t is the elasticity of
substitution between the goods of each import differentiator, which follows the process:

(
εM

t

εM

)
=



εM

t−1

εM



ρεM

exp εε
X

t , (82)

where εε
M

t is an i.i.d. stochastic process with mean zero and variance σε
M

, and where
0 < ρεM < 1. Of the remaining θM firms, I allow a fraction ΓMt to index their price to
the steady state rate of inflation, while the remaining fraction of firms keep their price
unchanged. Finally, analogous to the previous subsection, the inflation rate in Danish import

15The modeling of the import sector involves one important drawback. Consider for example a situation where
the US dollar appreciates against the Danish krone. This drives up the aggregate import price faced by Danish
households and firms, who in turn choose to buy fewer imported goods from RoW and from EA, even though the
exchange rate towards the Euro is unaffected.
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prices satisfy:

1 = θM
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(83)

I finally point out that the presence of staggered import- and export prices imply that the
model in the short run allows for deviation from the law of one price. That is, the same good
can be sold at different exchange-rate adjusted prices in different countries.

2.9. Fiscal and monetary policy

The fiscal sector follows closely the setup in Pedersen and Ravn (2013). In addition to that
setup, this model has three new fiscal instruments: Tax on the value of a residential unit,
τH

t , a land tax, τL
t , and subsidy to interest rate payments on debt, κRI

t and κRE
t . The role of

the public sector in the model is to raise taxes to be used for public consumption, public
investment, and transfers. Public consumption, Gt, evolves according to:

Gt

G
=

(
Gt−1

G

)ρG

exp
(
εG

t

)
, (84)

where εG
t is an i.i.d. stochastic process with mean zero and variance σG, 0 < ρG < 1, and

where G is given by:
G = GYY (85)

where Y denotes total steady state output, and GY is the steady state share of government
spending of goods and services produced by the intermediate goods producers and public
production.

As for government investments, I assume that these are implemented with a lag.
Specifically, I assume that an investment that is decided on in period t can only be initiated
in period t + M and is finalized in period t + N. In other words, I allow for time to build
as well as time to plan as in Leeper et al. (2010). To this end, I need to distinguish between
planned public investment, denoted by IG,B

t , and implemented public investment denoted
by IG

t . Planned public investment evolves according to:

IG,B
t

I
G =




IG,B
t−1

I
G



ρIG

exp
(
εIG

t

)
, (86)

where εIG
t is an i.i.d. stochastic process with mean zero and variance σIG, I

G
is the steady

state level of government investment, and 0 < ρIG < 1. Due to the assumption of time to
build, implemented investment only adds to the stock of public capital with a lag:

KG
t =

(
1 − δG

)
KG

t−1 + IG,B
t−N, (87)
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where δG > 0 is the depreciation rate of public capital, and N is the number of periods it
takes from an investment project is decided upon and until the investment is finalized. Note
that investment-specific technology shocks also affect the accumulation of the public capital
stock. This ensures a stable long-run relationship between the size of the public and the
private capital stock along the balanced growth path.16 Moreover, to take into account that
planned investments affect the actual investment level (and hence, economic activity) with a
lag, I let actual public investment be given by:

IG
t =

N−1∑

i=M

φI
i I

G,B
t−i , (88)

with φI
i > 0 determines how much is built in the respective period out of the total stock

planned, and where M is the number of periods that pass from a project is decided on until
it is initiated. IG

t is thus a measure of all ongoing government investment projects at time t.

On the revenue side, the government raises seven different types of taxes and pays one
subsidy: A labor income tax, τN

t , a capital income tax, τK
t , a value added tax, τVAT

t , a tax
on domestic bond returns, τB

t , a tax on the value of the housing unit, τH
t , a land tax, τL

t , a
subsidy on interest rate debt payment for the entrepreneur and the impatient household
respectively, κRE

t and κRI
t , and a lump-sum tax Tt. By adjusting the tax rates, the government

ensures that its intertemporal budget constraint, to be presented below, is always satisfied.
This is done via the following type of tax rule:

Xt

X
=

(
Xt−1

X

)ρX

εX
t

(Bt−1/Yt−1

ωD

)(1−ρX)eaux
X ζX

,

for X =
{
τN

t , τ
K
t , τ

VAT
t , τB

t ,Tt, τH
t , τ

L
t , κ

R,E
t , κR,I

t

}
. Here, X is the steady state value of X, while

0 < ρX < 1. εX
t is a white noise shock associated with shocks to each tax rate X. Moreover,

ζX > 0 measures how strongly each fiscal instrument reacts to deviations of the debt-to-GDP
ratio from its long-run target value, ωD, reflecting that if the debt-to-GDP ratio overshoots
its long-run target, one or more of the tax rates will eventually have to be raised. Finally, the
dummy variable eaux

X essentially switches the adjustment term on or off. I can set this to zero
in order to undertake simulation experiments in which the government only starts raising
taxes after a certain number of periods. Only lump-sum taxes react to deviations from the
steady-state debt-level unless otherwise stated.

16The growth in investment-specific technology is related to the negative trend in the relative price of investment
goods such as high-tech products, IT, software etc. Since many public investments also comprise such products, it
seems reasonable to assume that public investments are also affected by the negative trend in the relative price of
these.
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I am now ready to present the government’s intertemporal budget constraint, which
takes the following form:

BDK
t + TRt =

RDK
t−1

πDK
t

BDK
t−1 + Gt + IG

t , (89)

where I have defined tax revenues TRt as:
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The interest rate on Danish public debt is assumed to follow the process

RDK
t =

(
RDK

t−1

)ρDK


RECB

t exp
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



ρDK

,

in which ρDK is a parameter calibrated to match the duration of total Danish public debt,
ηRDK > 0 is another parameter that determines by how much RDK

t increases when the Danish
public debt to GDP ratio deviates from its steady state, ωd. This formulation captures that
all else being equal higher debt levels increase the risk premium on the debt payments.

2.10. Market Clearing

I can write the aggregate resource constraint of the Danish economy as:

Yt =
(
CP,DK

t + CI,DK
t + CE,DK

t

)
+ IY,DK

t + IH,DK
t + Gt + IG

t

+zu
(
uY

t Kt

)
KY

t−1 +
AdjBt−1

πDK
t

+ Ext, (91)

, in which AdjBt denotes all adjustment costs in the banking sector, and where zu
(
uY

t Kt

)
KY

t−1

are the capital utilisation costs. Moreover, equilibrium in the housing market requires that

Htot
t = HP

t + HI
t , (92)

where the aggregate stock of housing evolves according to:

Htot
t =

(
1 − δH

)
Htot

t−1 + Xt, (93)
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where δH > 0 is the depreciation rate of the housing stock. The stock of land lt is constant
and may be normalized to 1.

Finally, Denmark’s net foreign asset position is given by:

D∗t =
RECB

t−1 exp(−ψD∗
d

(D∗t−1
Yt−1
− D

∗

Y

)
)

πDK
t

D∗t−1 + Ext − Imt, (94)

so that net foreign asset holdings increase if Danish exports exceed imports in a given period,
and imports must necessarily be given by

Imt ≡
PC

t

Pt
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CE

t + CP
t + CI

t

)
−

(
CE,DK

t + CP,DK
t + CI,DK
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)
+

(
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t

Pt
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t − IH,DK

t

)
+

(
PIY

t

Pt
IY
t − IY,DK

t

)
,

for market clearing to hold.

2.11. Trends and stationary equilibrium

As explained in the text above, I follow Pedersen and Ravn (2013) and assume that there
is positive growth in total factor productivity, and a negative trend in the relative price of
investment goods. In addition, I follow Iacoviello and Neri (2010) and assume that the trend
growth rate in TFP in the construction sector is lower than in the goods production sector.
The assumption of a lower productivity growth in the construction sector in combination
with the presence of an input factor in construction which is in fixed supply, i.e. land, gives
rise to an upward trend in the relative price of housing services, in line with the data for the
sample period.

The model thus features three deterministic trends: Growth in total factor productivity in
the production, AY

t , and in the construction sector, AX
t , and in investment-specific technology,

Zt. This implies that aggregate macroeconomic variables, such as output and consumption,
fluctuate around a balanced growth path. In order to solve the model, I therefore need to
rewrite the equations in terms of detrended stationary variables and find the steady state of
the stationary model. The explicit modeling of trends allows me to use trending data. An
alternative is to specify the model without trends and use detrended data. However, the
introduction of trends in the model firstly leave out questions of which method to use for
detrending, HP-filtered data, linear trends etc., and provide insight into the relative trends
among the variables. That is why a trending real house price can be observed for Danish
data in the sample period. Also, detrended data necessarily implies loss of information for
the same reason.
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As explained in appendix (9), I can write the compounded trend growth of output as

dΓt ≡
(
dAtdZα

Y

t

) 1
1−αY ,

where I have taken into account that both public and private capital in the production sector
(but not in the construction sector) are affected by investment-specific technological progress.
Here, dAt is the rate of total factor productivity growth in the goods sector, and dZt is the
rate of investment-specific technology growth. Variables that trend with output will in the
model thus have a trend growth rate of dΓt.

I can likewise write the compounded trend growth rate of construction as

dΓX
t ≡ dAX

t (dΓt)
1−αX

.

The relative growth rate between residential investments and consumption goods can be
derived as follows:

dXt

dYt
=

dAX
t (dΓt)

1−αX

dΓt
= dAX

t dΓ−α
X

t ,

Hence, the real house price in the model grows by dΓα
X

t
dAX

t
, and there is a positive growth rate

in the real house price due to an input, which is in fixed supply namely land. This is in line
with data, see figure (1). Further, as residential investment during the sample period has
experienced practically zero productivity growth, the relative long-run growth rate can be
written as

dXt

dYt
= dΓ−α

X

t .

The real house price will thus grow faster than output due to land and due to lower
productivity growth in the construction sector.

To obtain a stationary equilibrium, I then make the following transformations of the
endogenous variables: I define Ỹt = Yt

Γt
as the stationary counterpart of Yt. Similarly, I define

C̃ j
t =

C j
t

Γt
, G̃t = Gt

Γt
, T̃t = Tt

Γt
, B̃ j

t =
B j

t
Γt

, D̃P
t =

DP
t

Γt
, and so forth, and I define K̃Y

t =
KY

t
ZtΓt

, ĨY
t =

IY
t

ZtΓt
,

and K̃G
t =

KG
t

ZtΓt
, where I have taken into account that capital and investment grow at a faster

rate than output in the non-stationary model. I also define λ̃t = λtΓt so as to ensure that
the shadow price of consumption remains stable as the level of consumption grows, and I
let Q̃Y

t = QY
t Zt, so that the relative price of investment goods changes over time along with

investment-specific technological progress.

For the variables related to the construction sector, I use the growth rate of housing
investment as explained above. I define: X̃t = Xt

ΓX
t

, Q̃H
t =

QH
t ΓX

t
Γt

(so that Q̃H
t Xt =

QH
t Xt

Γt
grows at

the same rate as output), H̃P
t =

HP
t

ΓX
t

, H̃I
t =

HI
t

ΓX
t

, ĨH
t =

IH
t
Γt

. Appendix (9) describes in greater detail
how the model is detrended and how the various variables are affected by the trends in the
model.
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3. Estimation

I will now estimate the parameters in the model primarily the structural shocks. This
motivation is that this allows me to do counterfactual analysis’ - change one subset of
historical shocks with new shocks - and to do a historical shock decomposition of the
macroeconomic variables.

3.1. Methodology

The econometric methodology is the same as described in Pedersen and Ravn (2013), and I
refer to that publication and as an example Herbst and Schorfheide (2015) or Fernández-
Villaverde (2010) for details. Here I note that I will apply Bayesian techniques to estimate
parameters and shocks of interest. I however only partially estimate the model. That is, the
objective in this paper is to estimate only the shock processes, autoregressive parameters
and standard deviations of the structural shocks, and only a subset of the parameters. I
will instead fix the rest of the (structural) parameters to the values estimated in Pedersen
and Ravn (2013) and/or used in the analysis above. The parameters I have calibrated in the
estimation are shown in table (3). In appendix (10) the measurement equations measuring
the data to the model variables and the shocks I estimate are discussed. Appendix (11)
describes data used in the estimation and how data is transformed before it is fed into the
model. Appendix (12) analyses sensitivity and identification showing that the model is
identified. Estimation and identification analysis is done using Dynare version 4.4.3 and
Matlab 2015b.

3.2. Priors

I will start with some comments on the choice of priors. Following Del Negro and Schorfheide
(2008), it is possible to divide the parameters into three different groups. The first group
consists of parameters that can be identified from the steady-state relationships for instance
the long-run growth rate, dΓ. Priors for as an example dΓ are often based on sample averages,
and I follow this approach to limit the amount of parameters I need to estimate. That is,
I calibrate these parameters. The second group consists of parameters which control the
endogenous propagation mechanisms without affecting the steady-state. These parameters
belongs to as an example frictions, like the calvo-parameters for prices, θp. I set priors based
on microeconometric evidence and previous results from other models estimated on data for
other countries, following the literature. The choice of priors for this group of parameters
can be found in tables (4)-(6).

The last group of parameters characterizes the law of motion of the exogenous shocks;
the autoregressive parameters and the standard deviation of the innovations to the shocks.
These parameters determine the volatility and persistence of the macroeconomic variables
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conditional on the other two groups of parameters. The challenge is that the shocks are
unobserved.17 Del Negro and Schorfheide (2008) suggests forming priors based on pre-
sample observations about the dynamics of the observables and then map these into beliefs
about the persistence and volatility of the exogenous shocks. I will follow this idea but
not the approach. I will instead change some of the priors such that not only are moments
and autocorrelations approximately fitted to data, but also such that the historical shock
decomposition provides answers comparable to previous findings. This explain why not all
the priors for the autoregressive parameters and the standard deviation for the innovations
are the same.

3.3. Parameter estimates

The posterior mode of the estimated parameters are shown in tables (4)-(6). The right
hand side of the tables shows the posterior distribution of the parameters. I highlight the
following in observations. I find a negligible value for the preference parameter which
governs the wealth effect, ν. This implies a low degree of wealth effect on labour supply.
This contrasts the findings in Pedersen and Ravn (2013), who found a value of around 1

2 .
However, this model is widely different and among many differences includes liquidity
constrained households, which may explain the widely different finding.

On the nominal side of the economy, the estimate of the Calvo parameter for domestic
prices is quite standard in the literature. Similar values are found for the Calvo-parameter
for import-, export-prices and for wages. Price indexations are very low for domestic-,
export, and import prices, which might reflect that Danish producers cannot rely on nominal
exchange rates as an adjustment mechanism.

With regard to parameters on the financial side of the model, the estimation point to
quite high costs of deviating from the optimal capital ratio, ΦB, around 25, while the cost of
changing the interest rates are somewhat lower compared to findings on data for the Euro
Area, see Gerali et al. (2010). As will become clearer below, the relatively high adjustment
costs can be due to the fact that the parameter ΦB is identified, but poorly.

A way to check the quality of the estimation is by comparing the prior and posterior
distributions of each parameter. This is also a method to evaluate the choices made with
regards to the priors. This is done in figures (8) to (10). In general the figures show that the
data is informative about the posterior distribution. That is, the posterior distribution is not
equal to the prior, and hence the estimated parameters are not defined by their prior. As
revealed by the figures, some priors are set quite tight. This reflect to some degree a necessity
and the spirit of Bayesian estimation; without these tight priors the model would not work
well in some important dimensions like impulse response functions or the historical shocks
decomposition. See also the discussion in the previous section.

17However, it is possible to approximate some of these unobserved states to observed macroeconomic time-series,
as I will show in section (6).
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Convergence is addressed in appendix (14), and I refer to that appendix for further
details.

3.4. Variance decompositions

I next analyse the model through a variance decomposition, VDC. The aim of the exercise is
to provide a quantitative insight as to which structural shocks on average in the estimated
model during the sample period give rise to variability in the endogenous variables in the
model.

In tables (7) to (10) I show the contribution of the structural shocks in the model to
the forecast error variances of a selected set of observed variables. For simplicity I only
look at the variance decomposition for the 1st, 4th, 12th and infinite quarter horizon; the
unconditional variance decomposition. In what follows I will mainly focus on the VDC for
real GDP, PPI-inflation, the real house price, and construction. In figure (11(a)) to (11(d) the
39 shocks in the model are grouped into 6 groups: Demand, supply, fiscal policy, foreign
shocks, markup shocks and shock in banking sector, and the combined contribution to the
variance decomposition of the sub-group of shocks on the respective variables are shown
for the different horizons.

On an overall level, foreign shocks are very important drivers of the Danish business
cycle. The group of structural shocks originating in the two foreign economies (inflation,
output, interest rates, and the effective exchange rate) account for between 65-75 percent of
the variations in real GDP at all horizons. In particular, the shock to output in the euro-area
is by far the largest contributor to movements in Danish GDP at all horizons. This should
not be surprising, as Denmark is a very small and open economy with a fixed exchange rate
towards the Euro.

While the finding that variations in Danish GDP and inflation are to a large extent
driven by shocks from abroad may not seem very surprising, it does stand in contrast to the
results of Justiniano and Preston (2010). This was also a finding in Pedersen and Ravn (2013),
and I refer to that paper for a further discussion. The result in this paper is that including
financial frictions and residential investments do not change this finding. I also highlight,
that even though the transmission of shocks works through the interest rate, the variance
decomposition shows that interest rate shocks in the eurozone are much less important than
output shocks. The explanation is that movements in the euro zone interest rate, which
is set according to a Taylor rule, are primarily driven by shocks to eurozone output and
inflation, whereas monetary policy shocks are less important.

Regarding the real house price and construction, the picture is somewhat different.
For the real house price demand plays are much larger role. This can be explained by the
housing preference shock. As will become clearer in the sections to come, this shock has
also been a major driver historically of the movements in the house price and to some
extent captures features of the housing market not captured by the model like financial
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liberalisation, non-rational expectations of future house prices and possibly bubbles. Also,
for the house price, fiscal policy shocks also plays are relatively large role. This is primarily
due to the tax on housing. As explained in the model-section, the effective rate varies with
the movements in the house price such that when the house price increases, the effective tax
rate falls contributing further to the increase in the house price. This is what the variance
decomposition captures. Further, as explained in box C in and (2.3.7) in the sections to come,
the shocks that have the potential to move the real house price a lot are exactly the housing
preference shock and taxes on housing. That is because they affect the housing demand
symmetrically for both types of households. This is not so for as an example shocks to
interest rates, as one household lends and the other borrows and consequently, and hence
there are counteracting effects on total demand for housing. Construction largely moves in
response to its own shock; the productivity shock in the residential investment sector.

3.5. Autocorrelations and correlation with GDP

I will in this section evaluate the estimated model through a comparison between the model
implied autocorrelations and correlation with GDP and their empirical equivalents. It is not
trivial to calculate the empirical moments as the time series are trending, see as an example
DeJong and Dave (2007) for a text-book treatment. In what follows, I will not take a stand on
the best way to detrend data and I will consequently compare the model to both HP-filtered
data, Band-pass filtered data and data detrended with a constant trend.

I compare the correlations between GDP and other variables in the model at different
horizons. These are shown in figure (12). In general, the instantaneous correlation between
output and real variables, output, private consumption, exports, imports and labour market
variables, are fitted quite well in the model. Depending on the empirical measure of inflation
and real wages, the cross-correlations are not matched well to data. The model fits quite
well the cross-correlation between output and both construction and the real house price,
but not with respect to loans. I will come back to this point later. Here it suffices to note that
all debt in the model is one-period debt. Hence, intuitively the model can have difficulties
in matching the credit-cycles observed in data. But the model does seem to provide a
reasonable fit to the time-series behaviour of real variables.
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4. Analysing the model: Impulse response functions

In what follows, I will provide insight to the functioning of the model through impulse
response functions, IRFs. Among the many shocks in the model, I will focus on the effects on
the model economy of a temporary increase in public consumption of goods equivalent to 1
pct. of GDP. That is, the fiscal multiplier. The motivation is that discretionary fiscal policy
is the main traditional economic policy instrument in an economy with a fixed exchange
regime as monetary policy is devoted solely to maintaining the exchange rate policy. For a
discussion of this point, see i.e. Pedersen and Ravn (2014). Together with the presentation
of the model above, the transmission mechanism explained below can be seen as providing
the main economic intuition behind some of the non-standard features in the model. I will
start by presenting some of these non-standard features.

4.1. New fundamental channels in the model

The model has some new channels compared to a more standard DSGE model like the one
in Pedersen and Ravn (2013) without housing, banking and financial frictions, which I from
now on will denote the standard DSGE-model. I will start by providing some intuition to
what can be expected from this model compared to smaller DSGE models without these
features. Overall the model has the following additional channels: The collateral channel, the
nominal debt channel, the financial friction channel, and the banking channel. Here I briefly
explain how these channels can alter the impulse responses in the economy in response to
the standard model. The channels are of course interrelated in general equilibrium but for
simplicity it can be helpful to address them separately. Also, I will later try to recalibrate
some parameters, both estimated and calibrated, to isolate the functioning of the various
channels in the case of the analysis of a shock to government consumption.

The collateral channel or asset price channel works through the collateral constraint(s).
Everything that affects the value of the collateral will affect the consumption of the impatient
household and the entrepreneurs as well as investments. Intuitively, a looser collateral
constraint or, equivalently, an increase in the value of the collateral the consumer can pledge
increases the ability of the agents to borrow, which they will do, and consume and/or invest
more. This channel was discussed in section (2.3.7). I will try to illustrate how the collateral
channel works on the household side by comparing the fiscal multiplier with and without
the collateral constraint.

The nominal debt effect also called the debt-deflation channel, cf. Fisher (1933), works
through the collateral constraint(s) and inflation. A (surprise) increase in inflation lowers
the real value of debt and hence enhances the ability of impatient consumers to pay back
their debt. That is, a (positive) surprise inflation transfers wealth from lenders towards
borrowers, who have a higher propensity to consume, which therefore increases total private
consumption in the economy. I will try to illustrate how this channel works on the household
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Model Name Explanation Calibration

Full Model (FM) All features included and standard calibration -
− Banking frictions (FMB) Flexible rates, no capital ratio, small markups ΦB=0,ΦB,E=0

ΦB,I=0, κB=0.0050,
εb,I=10, εb,E=10,

− Debt deflation channel (FMD) Leave out inflation in collateral constraints -
− Housing sector (FMH) No housing demand. No construction X ≈ 0

δH ≈ 0, βI = βP

ςHI ≈ 0
− Asset price channel (FMA) Collateral constraints constants BE = ΘE

BI = ΘI

, with Rule-of-Thumb HH (FMRoT) Impatient HH act as Rule-of-Thumb consumers ΘI ≈ 0
ςHI ≈ 0

Table 1: This table shows various model calibrations used to derive and show key aspects of the model. The
third column shows the changes in the model calibration vis-a-vis the standard model shown in table (3).

side by comparing the fiscal multiplier with and without inflation in the collateral constraint.

The financial friction or banking channel effect goes through the banking system. The
banks in the economy determine the supply of credit through changes in interest rates and
quantities. All shocks that increase bank leverage make the banks try to rebalance assets
and liabilities by reducing loans and increasing deposits. I will try to illustrate how this
channel works by recalibrating the parameters in the banking sector which determines how
large these effects are.

4.2. A shock to discretionary fiscal policy: The Fiscal Multiplier – An
analysis of policy changes

I will spend some time on the effects on the model economy of a temporary increase in
public consumption of goods equivalent to 1 pct. of GDP. That is, the fiscal multiplier.
The motivation is that discretionary fiscal policy is the main traditional economic policy
instrument in an economy with a fixed exchange regime, as monetary policy is devoted
solely to maintaining the exchange rate policy. For a discussion of this point, see i.e. Pedersen
and Ravn (2014). This shock, the economic intuition behind the effects and the model
presentation above, can be seen as providing the main economic intuition behind some of
the non-standard features in the model.

I will consider the impact from the various new channels on the fiscal multiplier through
a sequence of different calibrations. This is done to try as best as possible to identify the
main drivers behind the economic effects and to quantify the relative strengths of the new
features in the model compared to the model in Pedersen and Ravn (2013). Each calibration
attempts to isolate the channels explained above and/or include some new features in the
case of the Rule-of-Thumb consumers. It is however not possible to completely shut off all
the new properties in the model as the models can not be fully nested. The multiplier in the
full model includes all possible channels and the estimated parameters. I will compare the
multiplier with in all 6 model versions presented in table (1).
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For an in-depth theoretic treatment of the fiscal multiplier and a comparison between
VARs, macroeconometric models and DSGE-models on Danish data, see Pedersen (2012).
Ravn and Spange (2014) studies the empirical effect of discretionary fiscal policy in a
structural vector autoregression, SVAR, and I set the persistence of the shock equal to the
estimated persistence in that study, 0.8. The results are presented in figure (13). In the
figures is plotted the average effect over a year.18

4.2.1 The fiscal multiplier: The complete model

I start by commenting on the full model, or the bench-mark model, which includes all
the features explained above. On impact, GDP increases by around 0.70 pct. in the year
following the 1 pct. increase in public expenditures. The effect on GDP dies off relatively
quickly in the full model and is negligible after 2 years and zero after 3 years. After the third
year, the effect on GDP turns negative all through to the end of the simulation period of 10
years approaching around -0.1 pct. around 5 years.

There are a host of explanations for this result and the underlying mechanisms. I will
in what follows go through these. Here the different model calibrations can be helpful in
disentangling the main drivers. Of the variables on the supply-balance, I will not go through
imports and exports as their behaviour in response to fiscal policy shocks are quite standard,
see also box E. I will instead focus on the labour market, investments, the real house price
and residential investments and consumption for both patient and impatient households.

4.2.2 The labour market

In the New-Keynesian framework, output is in the short-run demand determined due to
nominal rigidities. One underlying assumption is that firms produce all output demanded at
given prices. If the firms could they would keep their price equal to a markup over marginal
costs, see equation (22). Naturally, marginal costs are increasing in output due to decreasing
returns to scale and increasing disutility of working at the labour supply-side. Hence,
demand shocks will partly result in inflationary pressures through increasing marginal costs
and partly in increases in output, as firms which can not increase prices will instead increase
production and hence lower their markup; it is still profitable to produce as they set prices
above marginal costs.

To be able to produce the output, they need more workers and hence employment
increases and unemployment decreases. To be able to attract workers, who were willing to
supply the given amount of work before the shock, to the given real wage, the firms must
offer higher wages. This is the demand effect on the real wage, but not the only effect. The
households also reacts to the fiscal policy shock as explained next.

18It is argued in Mountford and Uhlig (2009) and in Uhlig (2010) that short-run multipliers can be misleading.
For ease of comparison with traditional macroeconometric models, I have however chosen to analyse the short-run
multipliers and not the present value multipliers
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4.2.3 Consumption and Exports

Patient households rationally see that they are poorer as the government has spent some
of their money, which they need to pay back at a later stage.19 As both non-durable
consumption, housing and leisure are normal goods, they consequently lower their demand
for these goods and work harder. This is the neo-classical wealth-effect. The increase in the
labour supply is the supply-effect on the labour market, which puts downward pressure on
the real wage. In equilibrium, as discussed above, the real wage increases.

Through the fixed exchange rate regime, the real rate decreases as inflation is not
combated through higher policy rates. This all else being equal stimulates demand for
interest rate sensitive goods today relative to the future, an intertemporal-effect. Further,
higher prices all else being equal makes domestic consumption goods more expensive; a
substitution-effect. Exports are crowded out due to loss of competitiveness, see box (E).20

Box E: Exports and model determinacy
Multiple solutions and determinacy, that is, that the model is not driven by pure ”sun-spot”
shocks, is an issue in rational expectations model. for a textbook treatment, see Woodford (2003).
For this box, it is sufficient to say, that in an economy with a floating exchange rate or a closed
economy with inflation targeting, the monetary policy rule ensures is the mechanism which
makes the model determinate. As an example, if the households suddenly expects for some
reason – sunspots – that inflation will be higher in the future, then real rates fall, which makes it
cheaper to tilt consumption from the future to the present increasing demand now. But rational
households know that if monetary policy follows a Taylor-rule, then the policy rate will be
increased by more than inflation, which increases real rates and hence depresses consumption and
demand, and hence, the expectations will not be fulfilled, and hence, in a rational expectations
equilibrium, the agents can not expect inflation in the first place to be higher in the future.

In contrast, in a small open economy with fixed exchange rate and consequently no
independent monetary policy, foreign trade works as the stabilising mechanism. As an example,
in this model the nominal exchange rate vis-a-vis the euro is constant and equal to one.
Furthermore, all goods are traded and the terms of trade is therefore equal to the real exchange
rate. Also, in the model the real exchange rate is calculated using producer prices, which
determines cost of production and hence competitiveness. Disregarding home-bias, the law of
one price says that a good in Denmark must costs same as the abroad through goods arbitrage,
and (relative) purchasing power parity says then the real exchange rate needs to be 1 in the
long-run.

This means that the price level in Denmark relative to that in the euro area is pinned down
in the long run: Any temporary, relative increases in the Danish price level must be undone by a

19I recall that government debt is stabilised through lump-sum taxes
20This is another difference between a model for the fixed exchange rate regime and a floating rate regime with

independent monetary policy. In such a regime, through the UIP condition it is not obvious that inflationary
pressures lead to real exchange rate depreciation, as the interest rate also moves; it depends on the persistence of
the shocks and expectations of the interest rate differential. However, in a fixed exchange rate regime, the policy
rate stays constant and hence only the relative prices move.
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period of relative deflation, i.e. a period where the price level in Denmark grows at a slower rate
than in the euro area.

This implies that foreign trade is what stabilises inflation in the model and makes the model
determinate, closes the model and ensure long-run stability. Temporary increase in the domestic
countrys rate of inflation vs-a-vs the foreign country must be followed by a period of lower
inflation; or relative deflation - bygones cannot be bygones in a fixed exchange rate regime, see
also a similar discussion in Pedersen and Ravn (2014). This is also what is shown in figure (13):
Inflation initially spikes upward, but it is already negative during the second year and henceforth
gradually approaches zero from below - a deflationary period.

The wealth effect discussed above for the patient household also have implications for
the consumption for the impatient households.The impatient household consumption is
determined not only by current labour income, as for rule-of-thumb households, but also by
their net-wealth defined as asset holdings net of debt. Their net-wealth decreases as the
real house price falls. However, as can be seen from figure (13), consumption for impatient
households does increase because of the extra labour income received as both the real wage
and employment increase. That it, the impatient household is credit constraint but it does
not need to borrow to finance all its purchases. It can also consume out of current income
and both the real wage and employment increase initially and thus push up the impatient
household consumption.

In the case of a fiscal policy shock, what makes consumption of the impatient household
is the income it receives and not so much the value of its collateral constraint. When
the collateral constraint is loosened, impatient households increase their consumption of
non-durables, housing and leisure: A looser borrowing constraint allows the impatient
households to get closer to satisfying the desire for early consumption dictated by their
(relative) impatience. However, the collateral constraint tightens after the initial periods,
which can be seen from behaviour of borrowing for the impatient household in figure (13).
As noted above, this is because the real house price falls. This is in line with empirical
evidence, see as an example Andrés et al. (2015).

4.2.4 The real house price and construction

The determination of the real house price in this model was explained in box C. To explain
the relationship between housing demand, the house price and consumption on non-housing
goods in the specific case of a fiscal policy shock, it can be useful to rewrite the patient
households’ Euler-equation for housing in the following way:
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t ≡ QH

t UP
C,t = UP
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(
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)
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(
VP

t+1
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where I for simplicity have left out taxes on housing, as they are constant in the case of a
public expenditure shock given debt is stabilised by lump-sum taxes.

The right hand side of relation (96) is almost constant in case of temporary shocks,
like a temporary fiscal policy shock: Housing is a slow-moving stock variable. Hence,
whatever moves marginal utility of consumption, UP

C,t, must to a first approximation imply
a movement of opposite sign in the real house price, QH

t , see also Barsky et al. (2007).

In case of a fiscal policy shock, the wealth effect all else equal causes consumption of
the patient households to fall and hence marginal utility to rise. The discounted sum of
future marginal utilities of housing tend to increase, as patient households also decrease
their demand for housing due to the wealth effect, but, as discussed above, this sum can be
thought of a being constant. Goods inflation initially increase. Hence, the real house price is
likely to decrease on impact though this depend on the strength of the wealth effect and
the degree of nominal rigidities. In this model, the real house price falls, and as marginal
utility of consumption stays elevated, the real house price does stays depressed as well. In
short, the real house price follows the path of consumption of patient households. In the
estimated model, the real house price falls on impact, continues falling until around 4 years,
though the fall is relatively small.

Hence, in this model, the real house price is to a first approximation determined by the
patient household though the impatient household also demands housing. The difference
between the two households are of course that the impatient households are exposed to the
collateral requirement. Specifically, the impatient household derives utility from having
extra housing as it can be used to loosen the collateral constraint and hence to finance
consumption. The multiplier on the collateral constraint consequently breaks the insight
above as the multiplier falls on impact – a looser collateral constraint – reflecting an income
effect and expectations of higher housing value, and a debt-deflation effect. The effect on
the marginal utility and the house price can be deducted from the relationship below
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Again, marginal utility of housing is quasi-constant, and low frequency movements in the
shadow value of housing, VI

t , is consequently dominated by changes in γI
t, which falls as

income increases in the case of an increase in public consumption, as discussed above. The
impatient consumers use part of their extra income to buy more housing (not shown in
the figure), both newly constructed and housing stock from patient households. Due to
the extra housing the collateral constraint initially gets looser, borrowing increases and this
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fuels demand.

Patient households need to provide the extra resources consumed by the other house-
holds, which they do in response to the wealth effect discussed above. That is, the fall
in wealth induces them to consume less, sell part of the impatient households’ housing
stock, reduce their accumulation of capital and work harder. The decrease in demand for
houses is thus met by the patient households, who do not use their homes as collateral. But
in equilibrium, the valuation of housing for the two households must be the same since
housing is a homogeneous good traded on the same market to the same price. Hence, the
marginal utility of housing needs to be equalised across households and this is achieved
by reallocation of houses between the two households.21 This reallocation increases the
marginal utility of the housing stock in the hand of the patient households and decreases it
for the impatient households, thus compensating for the higher collateral value enjoyed
by the latter. Hence, there is a great degree of reallocation of housing between agents in
response to shocks in the economy.

Construction falls together with the house price; a fiscal policy shock is also in the
construction sector a demand shock but a negative demand shock in contrast to its effect on
the goods sector.22

4.2.5 Investment

I next turn to investments and the response to the fiscal policy shock for the entrepreneurs.
In a neo-classical model the response of investments depends among many things on the
Frisch-elasticity and the persistence of the shock, see Baxter and King (1993). Intuitively,
the more persistent is the shock, the bigger is the wealth-effect on consumption and labour
supply, and the more the households are willing to supply labour the bigger the effect on
output. Consequently, the more likely is it that investments are not crowded-out and the
more likely is it that investment increases. The intuition goes through in this model which
involves many new features including nominal rigidities, and the transmission mechanism
from fiscal policy shocks to investments is more complicated.

Recalling that employment increases, unemployment decreases and the real wages are
higher in response to the fiscal policy shock. Higher labour input and production in turn

21This can perhaps be seen most clearly from the standard optimality condition that the marginal rate of
substitution between two goods must equal the relative prices. Now assume that utility is linear in consumption,
such that marginal utility is constant, that the depreciation rate on housing is one, such that housing becomes a
non-durable good leaving out the resale value in the consumers’ first order condition. Then the patient household’s
marginal utility of housing equals the PCP deflated house price and the impatient household’s marginal utility of
housing equals the PCP deflated house price corrected for the lagrange multiplier on the collateral constraint.

22Notice also the existence of a third accelerator mechanism in the model besides the other two on the household-
and firm side respectively. If a shock increases the house price and consequently construction, if the shock is not
very short-lived, then the increase in construction leads to higher output though the indirect effect from demand
for goods to the construction sector. This in turn increases the demand for housing through the same mechanism
as described above and the circle continues. Notice, that the increase in construction puts even higher upward
pressure on the labour market and wages and consequently on marginal costs and prices. This illustrates an
interplay between housing demand, house prices and the goods sector.
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implies higher marginal product of capital, which all else being equal induce firms to invest.
23 This effect is initially amplified by the fall in the real interest rate. Investments slowly
returns to its steady-state as production and employment returns to their steady-state, while
the real rate starts to increase.

4.2.6 Relative strength of various new channels

In figure (13) is shown the fiscal multiplier for the 5 calibrations presented in table (1). The
response of GDP is not economically different across the different calibrations; it depends
on other standard features of the model, like the degrees of crowding-out, the degree of
nominal rigidities etc. The first year effects on GDP are within the range of 0.6 for the model
without housing, and 0.85 for the model without the accelerator mechanism.

The main explanation of the relatively low multiplier in the model without housing is
that consumption of impatient households is not crowded-in. The model without the asset
price channel generates a higher multiplier, as without the financial accelerator mechanism,
borrowing of firms does not fall. In the other models, and as discussed in previous sections,
investments increases in response to the extra demand partly induced by a fall in the real
interest rate. Specifically, the price of capital and land, QY

t and QL
t , increases for one-period

in the full model induced by the fall in the real rate. This is extra income for the entrepreneur,
which consumes part of it, and investments increases. However, in the following periods,
the price of capital and land falls depressing borrowing through the collateral constraint,
which depends on expected future prices. This makes it more difficult to finance investments.
Consequently, investments is higher in the model without the accelerator mechanism.

The accelerator mechanism on the household side of the economy makes the effect of
rule-of-thumb households to consume relatively less compared with liquidity constrained
households. That is because the rule-of-thumb households cannot use the extra purchases
of housing to finance consumption. This limits the crowding-in of consumption.

I notice, that borrowing for the entrepreneur in the full model falls and stays below
zero for many quarters. As borrowing is zero or negative in all the model versions, income
for the entrepreneur must be the main determinant of the consumption profile.

In general the debt-deflation channel plays a minor role in the model. That can be due
to the fact that all debt is one-period debt and hence, households and firms refinance every
period. Obviously, the exclusion of the housing sector from the model changes the effect of
construction and the behaviour of the real house price. It also affects consumption of both
households through the channels discussed above.

23Recall from expression (48) that when the entrepreneur decide how much capital to invest in, the marginal
costs in terms of utility of an extra unit of capital, QY

t λ
E
t is equated to the marginal benefit in terms of utility of

expanding capital by one extra unit. The marginal benefit in turn consists of the after tax return from the extra
capital plus the resale value in the next period minus compensation for utilisation rate plus the value of being able
to expand the collateral constraint.
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4.2.7 Loans and interest rates

In the discussion above, I have talked little about the banks. This is because the way banks
operate in the model have little implications for shocks to the real economy, as can be seen
in figure (13). That is, in ”peace” time, the banks simply takes deposits, put a markup on the
interest rates and lend out money. They do have implications for monetary policy shocks
due to the presence of sticky interest rates, but the monetary transmission mechanism is not
of main interest to a country with a fixed exchange rate regime. I will in the historical shock
decomposition explain what happens when the banking sector stops working smoothly.

In the case of a fiscal policy shock, loans to impatient households increases due to the
income effect. Impatient households purchase more housing both because they receive extra
income from labour income, but also because they gain extra utility from housing purchases
due to their collateral value. This allows them to increase the stock of loans. The lending
is met by patient households which have decreased their consumption and consequently
increased their savings, which they put into banks.

On the firm side, the firms take up less loans, as their collateral has fallen. This is so
as even though the price of capital, or Tobin’s Q, initially increases, what matters in the
collateral constraint for the firms is the future expected value, see also the discussion in the
model setup. Further, the price of land falls as construction falls. In total, borrowing by
firms fall.24

5. In-sample forecasting – Predictions for key macroeconomic
variables

The purpose of building a DSGE-model for Denmark has not been to develop a tool for
forecasting. It is nonetheless interesting to analyse the forecast behaviour of the model. I
leave a thorough analysis of the models’ ability to forecast key macroeconomic variables for
the future as that would require a sequential reestimation of the model using real-time data.
I instead in the current work simply address forecasting using the estimated parameters
and smoothed shocks and variables based on the full sample.

Specifically, I forecast the output gap 12 quarters ahead at each data point in time. The
illustrative results can be seen in figure (14). As can be seen, the model has a tendency to
forecast a closing of the output gap; when the output gap is positive, the model want GDP
to fall back to its trend and vice-versa. This is natural: The model predicts that the economy
will revert to its steady state. This is especially so during the very large negative output gap
after the crisis. But the model does forecast a wider output gap in the beginning of the crisis
during the period 2001-2004.

Looking at yearly growth rates in figure (15), the picture is, of course, the same: The

24I notice that the banks’ lending rate does move no matter the calibration of the model. That is due to the
endogenous risk premia on net foreign asset position needed to determine foreign debt in the model.
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model wants GDP to return to its steady state. But interesting, the model does forecast a
recession from around 2007-08, and when GDP starts to drop in mid-2008, the model seems
to capture it, see figure (16). It, however, forecast the recession to be shorter lived, than it
really was, and it cannot capture the depth of it.

As stated above, it remains to be seen whether the model can produce good forecasts.
However, the benefit of the model in comparison with pure statistical models or models with
less structure, is that the DSGE-models can give a structural interpretation of the forecast.
That is, it can decompose the forecast, produced by the DSGE-model or by satellite models,
into the models’ structural shocks and hence give an economic interpretation of the forecasts.
This has not been done in this paper. Instead, historical shock decompositions are produced
and analysed in the following sections.

6. Historical decomposition of the real house price, inflation and
output – An interpretation of the state of the economy

One advantage of an estimated, structural DSGE-model is the ability to decompose macroe-
conomic variables into the structural shocks in the model. A structural shock can be
defined as uncorrelated shock with a clear economic interpretation. A historical shock
decomposition can be a powerful storytelling device and can guide policy. As an example
in an economy with inflation targeting, a positive output gab due to productivity shocks
must be accommodated, while positive demand shocks must be combated, see Galı́ (2009).
But this policy advice hinges on the ability to know which shocks that have hit the economy.

Though it is possible to decompose all the macroeconomic variables in the model into the
structural shocks, I will focus on GDP, Yt, the real house price, QH

t , and CPI-inflation, πCPI
t . I

will focus on the period mid-00s until today. The decompositions are shown in figures (29(a))
to (40(c)). For output and the real house price I have chosen to show both the decomposition
of the output gap and the real house price gap together with the decomposition of the
year-on-year growth rates. Here the gap is defined as deviations around a stochastic time
trend. I have shown year-on-year growth rates to be able to compare the estimation result
and decompositions directly to widely used definition of growth rates for the respective
variables. But I have kept the figures, which are showing the respectively variables gaps,
as the decompositions made through data, model, and the econometric techniques sees
the gap, and I wish to compare the filtered shock’s effects on the variables with empirical,
observed counterparts. Before I turn to the actual decompositions, I will however first look
at the smoothed innovations to the structural shocks in the model, as these provide the
building block of the decomposition.
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6.1. Smoothed shocks - The Financial crisis seen through the lenses of
structural shocks

In figures (17) to (22), the smoothed Kalman filtered innovations, as an example εG, for
the estimated shocks in the model are shown using the posterior mode parameters, while
the process are shown in figures (23) to (28), as an example Gt. Productivity shocks, both
temporary and permanent shocks in both sectors in the economy, all show a large fall during
the outbreak of the financial crisis in 2008Q3. Output fell rapidly during that quarter, but
employment fell by less. The model consequently filter out a large fall in productivity.
Labour supply fell rapidly (seen as a positive shock), but not by enough to overturn this
result. I will have more to say about this in the historical shock decomposition. Here it
suffices to say, that the model filter out large negative supply shocks during the financial
crisis, and large positive supply shocks before.

On the demand side, the model filter out a large spike in risk during 2008Q3. This
leads to a fall in both consumption and investments. This spike coincide with negative
preference shocks for housing and consumption, which further depressed consumption
through wealth- and financial accelerator effects. Investment shocks contributed to this
large fall in aggregate demand. Later, export shocks also clearly fell reflecting the marked
fall in world trade. Hence, demand also clearly played role for the financial crisis.

While the Danish price markup shock did not react stronger than expected to the
negative shocks coming from demand, the crisis is easy to detect in the rest of the markup
shocks. Some of the negative demand came from the foreign sectors. These effects, lower
demand for Danish exports, are however standard, and will consequently not be address
further here.

While the outbreak of the crisis is clearly detectable in the smoothed innovations,
the crises does not seem to be a non-linear event at least when domestic shocks only are
considered. In table (2) moments for the innovations are shown together with test for
normality. Overall, the Gaussian assumption for the structural shocks is supported by
data though some shocks, notable the shock to preferences for housing, show signs of
non-normality.

This conclusion, and the fact that productivity fell during the crisis is not supported by
similar analysis on US-data, see as an example Lindé et al. (2015). As the authors point out,
that the density of a linear Gaussian DSGE model can model the probability of the large
events, as shown in table (2), means that the model considers the crisis as a likely event.
Consequently, the model can be an instrument for analysing risk scenarios and/or stress test.
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Distribution of structural shocks
Shock Standard deviation (*100) Skewness Kurtosis JB-test

εG 0.717 0.192? 2.75? 0
εAY,P 0.0327 -0.139? 3.29? 0
εAY,T 0.439 -0.0112? 3.19? 0
εε

W
0.0555 0.0293? 3.05? 0

εε
X

0.589 -0.172? 3.21? 0
εω

I
1.18 -0.0752? 2.84? 0

εC 0.458 0.631 5.51 1
εε

P
2.32 -0.182? 3.11? 0

εε
M

0.58 -0.0888? 2.96? 0
εEx 0.297 0.109? 3.67? 0
εI 1.01 -0.593 5.25 1
εχ 3.21 0.153? 3.13? 0
εAX,T 3.06 1.23 7.05 1
εR 0.184 -0.121? 3.1? 0
εH 2.7 0.109? 6.32 1

Table 2: Distribution of estimated structural shocks: This table reports empirical moments of a
subset of the structural shocks. Shocks to fiscal policy instruments and the foreign economy are not
considered. A ? indicate significance at 5 pct. probability. That is, the skewness and/or kurtosis are
not significantly different from 0 and 3 respectively. The JB-test is an indicator function that is 1 if null
can be rejected and 0 if accepted. The null is that the respective shock is normally distributed.

6.2. Historical decomposition of output gap

In figure (29(a)) is shown the historical shock decomposition of real GDP. I will focus on
the period 2000 to the present as this period compromise the build up to the financial crisis,
the collapse of Lehman and the subsequent slump. The thick line in the figure shows the
difference between actual GDP and an estimated stochastic trend. I will in what follows
denote this difference the output gap. But as noted above, the distance between trend
and actual GDP cannot be interpreted as the amount of ”overheating” in the economy
or inflationary pressure; as an example productivity shocks increase the output gap but
tend to be deflationary when the output gap is defined as above. To talk about output gap
and inflationary pressures, the gap needs to be defined relative to natural output, or the
production in the economy that would prevail under flexible prices and wages. This is left
for future work.

In the beginning of the sample, GDP is below trend but on an upward path after the
low-growth period during the beginning of the 90’s. This cycle ends at the beginning of the
00’s with a mild economic downturn, which was succeeded by a large upturn culminating at
the outbreak of the financial crisis. That crisis is clearly detectable in figure (29(b)) showing
large negative year-on-year growth rates. The historical shock decomposition in figure
(29(a)) is a device that can help to understand these movements. As the model has many
shocks, the shocks are divided into subgroups, as shown in the figure: Financial shocks,
markup shocks, demand, supply, foreign shocks and fiscal policy shocks. I will structure the
text which follows according to this division of the shocks.
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6.2.1 Output gap: Demand

One driver behind the Danish business-cycle during the period 2004 to the present has been
demand. The subgroup labeled demand consists of the intertemporal consumption shock,
investment shock, risk premia shock, import and export shocks and the housing preference
shock.

Demand contributed positively to the output gap from the beginning of the 00’s all the
way to the outbreak of the financial crisis. When looking at the individual shocks in the
group of shocks called demand in figure (29(c)) before the crisis, both export-, consumption-,
risk premia-, and housing preference shocks contributed positively to output. I point to two
observations from this period. Firstly, the housing preference shock, reflecting increases
in the real house price, had spill-overs to the real economy. Secondly, the consumption
shock only contributed negatively in 2009. The latter observation implies that although
consumption fell during the initial phase of the crises, the recession that followed was so
deep that consumption should have fallen by more. Likewise, the economy has in the late
stage, 2013-15, recovered sufficiently such that consumption should in fact be higher that
it is. Also, the temporary investment shock has contributed negatively to the output gap
after all through the period after the outbreak of the crisis. This, according to the model,
reflects that investments have been very depressed when taking into account the state of the
economy.

Here I will emphasize the role played by the risk premia shock, as this is new compared
to the analysis in Pedersen and Ravn (2013) and to standard DSGE-models without banking
and financial frictions. I recall that a risk premia shock affects the loan rates the branches
have to pay to the wholesale branch. Hence, a negative risk premia shock implies all else
being equal, that the marginal cost of providing funds to firms and households falls, or,
equivalently, that the markup the bank charges households and firms falls. This makes it
cheaper to consume and invest and demand increases in the economy.

Does the picture in figure (29(c)) make sense with regard to the risk premia shock and
the economic history for Denmark during that period? The historical shocks decomposition
and the way the smoothed shocks are calculated can perhaps seem like a black box. I
have therefore tried to compare the series for the smoothed structural shocks to observed
equivalents when they exist to provide a sanity check on the decompositions of the variables.
Natural equivalents to the risk premia shock are interest rate spreads. In the estimation of
the model, I have used data for the loan rate to households. I compare in figure (32) the
difference between this rate and the short term policy rate with the risk premia shock. A
more obvious candidate than this spread could be a corporate bond spread to capture credit
risk. This spread is however not used in the estimation, but would all else being equal have
given a larger effect on the macroeconomic variables if they were included. I have also
included the effect from the risk premia shock on the output gap in the figure.

In figure (32) is shown the standardised spread, the standardised risk premia shock,
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and the standardised effect on the output gap in the decomposition. It can be seen that these
series are correlated. This is confirmed by the scatter plot and the simple regression on the
observed spread. As an example, the observed risk premia spiked after Lehman in 2008 Q3,
and this shows up in the shocks and its effect on GDP as a positive risk shock depressing
output. The empirical spread captures credit risk. Hence, a risk premia shock in the model
can be thought of as capturing perceptions of credit risk and/or the willingness to supply
credit.

The effect of a consumption shock is standard: It is a shock to the desire to consume
now and save less. That is, given the real rate of interest and expectations of future income
and wealth, a positive consumption shocks all else equal implies that the consumer wants
to consume now and save less. The consumption shock, however, only affects consumption,
while the risk premia shock both affect consumption and investment in the same direction.
In can therefore play a larger role for the business-cycle than consumption shock alone.
Intuitively, the preference shock for consumption captures developments in consumption in
excess of what the economic state or/and expectations of income in the future commands.
A rough approximation could following this line of thought be the consumption-to-GDP
ratio. As for the risk shock, I plot the effect of the consumption shock in the historical shock
decomposition together with observed consumption-to-GDP ratio in figure (33). As can be
seen from this figure, there is a close correlation between these two series. I do the same for
investments in figure (34), and I reach the same conclusion.

6.2.2 Output gap: Supply

The group of shocks named supply includes technology shocks, both temporary and
permanent in the goods sector, the labour supply shock, and temporary technology shocks
in the housing sector. As can be seen from figure (29(a)) and (30(b)), this group has had a
large impact on the output gap both in the upturn and in the downturn.

The interpretation of productivity shock and in general, capacity shocks, as a driver of
increasingly unbalanced growth of the Danish economy during the build up to the financial
crisis is, however, misleading. As also discussed in Pedersen and Ravn (2013), from a DSGE
perspective the economy’s response to productivity shocks is efficient and hence does not
call for economic stabilization policy. Rather, it suggest that the actual overheating of the
Danish economy during these years may have been smaller than previously thought as the
economy seems to have been able to expand potential production and the level of capacity
utilisation.

This points to the importance of identifying the fundamental drivers of the business
cycle especially if policy makers wish to react to output gaps. I again point to the discussion
in Pedersen and Ravn (2013) for the point of supply as a main driver of the Danish business-
cycle during this period. In this paper, I will instead point to two new observations: The
role of the labour supply shock, which for identification purposes was not included in
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the previously mentioned paper, and a closer comparison between technology shocks and
observed productivity

The subgroup named ”supply” affect on the output gap is depicted in figure (30(a)).
Within that subgroup, the labour supply shock, εχ, has been a main driver pushing GDP up.
This is not surprising. As can be seen in the left-hand figure in figure (35), which is based on
the same idea as for the risk premia shock discussed in the previous section, there is a close
correspondence between the labour supply shock and observed employment. And as can
be seen in the right-hand figure, that relationship is statistically significant.

I next compare the group of technology shocks within the subgroup named supply,
with hourly productivity in the private sector in the same way as I did for the risk premia
shock discussed in the previous section.25 This is shown in (36) together with the measure
of productivity used in the estimation, employment in persons divided by GDP. This is,
so to say, what the model sees in the estimation. For comparison, I have also included
a measure of hourly productivity in private non-agricultural sector defined as net factor
income divided by hours. This series is a more common measure of productivity.

The relationship is weaker than the relationship between the labour supply shock and
employment, but still significant statistically and economically. Based on these observations,
it is not surprising that the model assign a large role to technology shocks in the historical
decomposition; the model sees that employment rose by less than GDP during the upturn
pointing to positive productivity growth, and it saw that employment fell by less than GDP
during the downturn.

6.2.3 Output gap: Markup shocks

I next look at the group which consists of shocks to the economys markup shocks. This
subgroup consists of shocks to wage and price markups (domestic prices, import prices
and export prices). In the build-up to the financial crisis, the markup shocks taken together
affected the output gap negatively but then positively, see figure (30(c)). The first effect is
primarily due to the export price markup and domestic price markup shock which were
relatively high before the crisis. The economic intuition behind this observation is that
domestic producers in those years utilized the extraordinary high domestic and foreign
demand to increase their margins more than usually. At the later stage, domestic producers
and exporters should in fact have increased their prices by even more than they did due
to the extraordinary high demand during this period. They did not and that affected the
output gap positively in 2007.

As for demand and supply, I next look at observed measures of markup shocks and
compare them to the effect from the models’ equivalent on the output gap. This is done in
figure (37) for the price markup. If I divide IMI, a measure of domestic determined inflation

25In the MONA database from Danmarks Nationalbank, this is the variable named probx defined as added value
in the private non-agricultural sector divided by hours.
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reflecting developments in profit and wages, by GDP, I can obtain a quite close correlation
with this empirical measure of the price markup and the affect from the price markup on
GDP. The same is true for the price of oil. I divide by GDP to account for the fact the
markup shocks’ effect in the decomposition in the model are relative to activity. The close
correlation between the oil price and the domestic markup shocks reflects that the model
neither has an oil price nor is the oil price used in the estimation. Domestic price markup
shock consequently to some extend captures movements not captured by the model.

The wage markup shock plays little role in the shock decomposition according to the
model. Further, I have not been able to find a relationship between the import price markup
shocks and an observed equivalent. This can perhaps be due to its close correspondence to
the import shock, see the identification and sensitivity analysis in appendix (12), or due to
the fact that if the model captures well domestic prices, then import price markup can be
thought of as residuals.

6.2.4 Output gap: Foreign sector

In figure (31(a)) is shown the contribution from the subgroup named foreign shocks. These
shocks are shocks to GDP, inflation, monetary policy shock for both foreign economies and
the UIP-shock. This group of shocks contributed slightly negatively to the Danish output
gap just before the crisis and then negatively from around 2008. The latter can be explained
by inflation shocks from the euro area and tighter monetary policy from Rest-of-World,
which mitigated the increase in GDP from both foreign economies. Inflation shocks from
the euro area implies that Danish goods have become relatively more expensive and hence
less competitive pushing exports, and thus GDP, down.

This picture changes from 2007 from where inflation shocks from the euro area depresses
the Danish output gap, while GDP-shocks from both economies mitigate this. Later in the
crisis, Danish GDP have been held down by weak demand for Danish exports from the euro
area, while expansive monetary policy have stimulated it.

6.2.5 Output gap: Fiscal Policy shocks

In figure (31(c)) is shown the contribution from the subgroup named fiscal policy to the
output gap. This subgroup consists of public consumption and investments, labour-,
housing-, and land tax as well as shocks to the interest rate deductions. According to the
model, the fiscal policy shock with the largest impact on the output gap through the sample
has been public consumption. Its impact has been asymmetrical: Though at some points
during the boom it was negative - and hence contractionary -, if was a lot more positive
during the downturn – that is positive and expansionary. The tax on the value of housing
has only contributed a little to the output gap, but as shown later its impact on the real
house price has been economically important.
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Comparing the public consumption shock’s effect on the historical shock decomposition
to the public consumption to GDP ratio (standardised), there can be observed a quite close
correspondence between the shocks the model finds have affected the business-cycle and
fiscal policy, see figure (38).

6.3. Historical decomposition of the real house price

As presented in the introduction, the Danish economy experienced, like many other advanced
economies, a large upswing in house prices during the period leading up to the financial
crises and a large correction afterwards. In what follows I will through the lenses of the
historical shock decomposition of the real house price analyse these developments. I will in
what follows concentrate on the period 2000-2015.

In figure (39(a)), the quarter-to-quarter changes in the real house price around a
stochastic trend are decomposed into the structural shocks in the model grouped as above
for output. The model attributes a lot of the movements in the house price to the supply side;
the supply side contributed negatively to the movements in the real house price. That is,
supply did react to the increase in the real house price putting downward pressure on the real
house price - the specific economic details were explained in the text; A Tobin’s Q framework.
Looking at the residential investments-to-GDP ratio, there is a close correspondence between
data and housing supply shock, see figure (41). That is, increases in residential investments
above its steady state translate into positive output gaps and negative real house price gaps
- as expected. This implies that the boom in residential investments during the 00’s put
downward pressure on the real house price and upward pressure on real activity.

Looking at the demand factors, a big part of the housing boom can be explained by
preference shock for housing, see figure (39(c)). The consumption shock also played a role for
the house price during the boom. But the housing preference shock has been the dominating
factor on the demand side for the development in house prices. Perhaps surprising, the
housing preference shock has help to stem the fall in the house price during the slump after
the crisis in 2011-2014. The explanation is, that even though the real house prices were
flat during this period, the developments in the economy called for an even less positive
development in the house price.

In figure (42), I compare the effect from the housing preference shock on both the
output gap and the real house price in the historical shock decomposition with observed
real house price. From this figure it can be seen that the housing preference shock drives
both movements in the output gap and the real house price gap in very similar matters.
Naturally, the effects are not of similar magnitude with the shock affecting the house price
approximately 5 times more than the output gap.

What is the housing preference shock? Preference shocks are partly a measure of our
ignorance; they capture what is not in the model. And in the case of Denmark during
the 00’s, there occurred, besides the changes to the taxation of housing, see next, some
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profound changes to the housing market namely the introduction and adaption of new type
of mortgage contracts. Before the 00’s almost 100 pct. of Danish household financed their
purchases of housing using fixed-rate 30 year contracts with amortisation. That changed
markedly during the 00’s. In 2006, as an example, only 40 percent of the outstanding stock
of loans were of the previous mentioned type. Instead 35 percent were interest-only loans,
while 60 percent were variable rate loans. This changes is not captured in the model, and
this is perhaps what the housing preference shock captures, see also Liu et al. (2013).

Looking at the markup shocks in figure (40(a)), the export price markup shock and
the domestic price markup have been the most important drivers within this subgroup of
shocks. In figure (40(c)), the contribution to the real house price from fiscal policy shocks
are plotted. According to the model, fiscal policy contributed positively to the increase in
the real house price before the outbreak of the financial crisis and put downward pressure
after the crisis. The main contributor has been the tax on the value of the house, and is
linked to the discussion in section (2.1): The effective tax on housing is kept constant at
its 2002 level meaning that increasing prices does not imply increasing tax payments and
vice versa. Hence, the tax on housing becomes pro-cyclical contributing to swings in house
prices. According to the model around 1.5-2 percentage points of the real house price gap
could in 2006 be attributed to this (unfortunate) way of taxing housing.

6.4. Historical decomposition of inflation

The year-to-year change in the CPI-deflator and its decomposition is shown in figure (43).
The steady-state value of the CPI-deflator in the model is 1 meaning that the steady-state
inflation is 0. To get actual observed inflation, around 1.85 pct. needs to be added to the
corresponding two series. As I have not included measurement errors on the CPI-deflator,
the smoothed series in the figure is equivalent to actual inflation plus the average inflation
through the sample, 1.85 pct.

Inflation was relatively high during build up to the financial crisis and peaked around
2009. Surprisingly, it did not fall a lot during the outset of the financial crisis, and picked up
again quite rapidly. It has however lately fallen to around -1 pct. pr. year, which, again,
can be a counter-intuitive when the output gap is negative. The model attributes a large
part of the movements in inflation to markup shocks and shocks from the trading partners.
When looking at the group of shocks named foreign shocks in figure (44), it can be seen that
the source of this imported inflation is less clear. In cases when prices in the Rest-of-World
and the euro area increase faster than Danish prices, thus leading to improvements in the
competitiveness of Danish goods and inflationary pressures, output, and hence demand
form Danish exports, are low leading to negative pressures on Danish prices. But during
the crisis period with falling demand for Danish exports from both economies, this lead
to deflationary pressures for Danish goods prices, which only abated during 2012, when
stimulative monetary policy both from the ECB and Rest-of-World provided stimulus to
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Danish prices. The crisis in the euro area, low demand for Danish exports, has put downward
pressures on Danish prices in the last part of the sample, 2014-2015.

Another contributor to low inflation in the latter part of the sample has been markup-
shocks, which consists both of shocks to domestic-, import-, and export price markup as
well as the wage markup, see figure (45). In the model, prices are set as a markup above
marginal costs and prices are sticky. This implies that the markup, the difference between
price and marginal costs, is endogenous and captures, as an example, that increases in costs
due to higher wage demands, cannot fully and immediately be passed on to higher prices
thus leading to lower markups. This is not what markup shocks capture. They capture
movements in the relationship between prices and markups not captured in the endogenous
movements in prices and marginal costs, and can be compared to residuals the difference
being that the shock is identified and can be given an economic interpretation.

From figure (45) the main markup shocks within that group of shocks has been the
markup shocks to Danish prices. I recall from section (2.7) that domestic prices are sticky
and set as a markup above marginal costs. Hence, positive markup shocks for domestic
prices means that domestic prices has increased faster than marginal costs would have called
for. This is a negative shock for the output gap, as discussed above, as it implies that Danish
firms have become less competitive. This means less inflationary pressures in the economy
and hence that inflation is likely to fall in response to positive export markup shocks.

Lastly, in figure (46) is shown the impact from supply shocks on inflation. As expected,
the correlation between inflation and supply is negative. As an example, the positive labour
supply shocks during the boom mitigated inflationary pressures, while contributed to them,
when the shock turn sign. The same is true for the productivity shocks. This emphasizes
the need to be able to identify the background behind positive output gaps for a central
bank, which job either is to target inflation or make sure that inflation is not higher than the
inflation in the economy to which an exchange rate is pegged: If the shock which lead to a
positive output gap is a supply shock, then it is most likely not inflationary and hence, the
output gap reveals a false sign of an overheated economy.

7. Conclusion

I have in this document presented a structural, dynamic, general equilibrium model with
forward looking agents with financial frictions, banking, and residential investments. The
model was taken to data and its empirical fit was evaluated. I next used to the model to
analyse policy changes trough the analysis of the effect in the model of the fiscal multiplier,
I used a structural shock decomposition to interpret movements in key macroeconomic
variables, and I briefly looked at the model’s ability to generate predictions for GDP.
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8. Tables and figures

Value Parameter explanation Explanation

Private sector, preferences
ςHI 0.6 Pref. param. for housing, impatient households Determines relative consumption of housing
ϑC 0.5 Degree of home-bias, consumption Import content in total private consumption
ϑY,I 0.2 Degree of home-bias, investment Import content in investments
ϑX,I 0.8 Degree of home-bias, investment Import content in investments, housing
βP 0.9975 Subjective discount factor, patient households SS real rate of 3.75 pct. pr. year
βI 0.97 Subjective discount factor, impatient households Lower than patient hh
βE 0.97 Subjective discount factor, entrepreneur Lower than patient hh
υC 1.5 Sub. ela in consumption Estimated WP 88
υI 1.5 Sub. ela in investment Estimated WP 88
χC 1.9998 Adj. costs, consumption Estimated WP 88
χI 2 Adj. costs, investment Estimated WP 88

Private sector, production
δK,Y 0.025 Private capital depreciation Standard value and det. SS investments
εP 6 Sub. between goods Markup of 20 pct., standard
εW 5.5 Sub. between labour types Natural rate of unemployment of 4 pct.
εX 6 Sub. between goods, export Markup of 20 pct., standard
εM 6 Sub. between goods, import Markup of 20 pct., standard
αY 0.35 Capital share SS labour share in production
αX 0.25 Lands share in production of housing Follows Grinderslev and Smidt (2006)
δH 0.025 Depreciation of housing Standard and helps to determine SS housing
c1 0.039035 Set st. ū=1 Simplification
c2 2 Adj. cost. capital utilisation From WP 88, sat as difficult to identify
γI 1.0045 SS inv. growth Ensures SS inv. adj. costs are zero in SS

Private sector, others
ω 0.5 Share of patient households Iacoviello (2005), Quint and Rabanal (2013) mfl.
ΨD?

d 0.005 Risk premia for inv. in foreign bonds Small as possible to ensure stationarity of NFA
ηRDK 0.02 Risk premia for inv. in Danish debt Corsetti et al. (2013)
ωX 0.5 Relativ size of foreign economies Average trading weights

Public sector
τ̄H 0.0263 Tax on value of housing and land, see text. Own calculations
τ̄L 0.00263 Land tax Mona-database
τN 0.31 Tax on labour income Average
τK 0.25 Tax on capital income Mona-database
τVAT 0.25 Consumption tax Mona-database
τB 0.25 Tax on income from bonds Mona-database
B̄ 1.8 Public Debt Average over last 10 years. Pct. of GDP/4
¯Ig 0.022886 Public investments Average over sample. Pct. of GDP

Ḡ 0.26 Public consumption Average (consumption and services). Pct. of GDP
¯κRE 0.3179 Tax deduction on debt, firms Mona-database
¯κRI 0.3179 Tax deduction on debt, households Mona-database
ηRDK 0.02 Duration Danish public debt -
ρRDK 0.8 Duration Danish public debt -
δG 0.025 Depreciering of public capital Standard
η 0.015 Public capital in production Micro-data, Kamps (2004)
I0 0 Immediate implementation of public inv. Time-to-build, Leeper et al. (2010)
I1 0.33333 q.=1,2,3 implementation of publlic inv. Time-to-build, Leeper et al. (2010)
ζT 0.05 Ela. of lump-sum taxes wrt. public debt Ensures non-explosive public debt

Banks
δB 0.037026 Depreciering of bank capital Set in calculations of SS
κB 0.09 Leverage ratio/Capital requirements Basel III

Table 3: Calibrated parameters: This table shows that parameters which are calibrated in the estimation. WP
88 refers to Pedersen and Ravn (2013).
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Figure 2: Transformed observed time series This figure shows the time series of the observed
variables used in the estimation of the model.
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Figure 3: Transformed observed time series This figure shows the time series of the observed
variables used in the estimation of the model.
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Figure 4: Transformed observed time series This figure shows the time series of the observed
variables used in the estimation of the model.
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Figure 5: Transformed observed time series This figure shows the time series of the observed
variables used in the estimation of the model.
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Figure 6: Transformed observed time series This figure shows the time series of the observed
variables used in the estimation of the model.
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Figure 7: Transformed observed time series This figure shows the time series of the observed
variables used in the estimation of the model.
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Figure 8: Prior and posterior Prior and posterior distributions of the estimated parameters.
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Figure 9: Prior and posterior Prior and posterior distributions of the estimated parameters.
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Figure 10: Prior and posterior Prior and posterior distributions of the estimated parameters.
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Figure 14: In-sample forecasting of the output gap
The figure shows the output gap produced by the model defined as the deviation in Danish real GDP
(black line) from a linear stochastic trend , see also definition in text, together with in-sample forecasts
12 quarters ahead (red lines) for each quarter.

Figure 15: In-sample forecasting of yearly growth rates in real GDP
The figure shows yearly growth rates in GDP produced by the model together with in-sample forecasts
12 quarters ahead (red lines) for each quarter.
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Figure 16: In-sample forecasting of yearly growth rates in real GDP
The figure shows yearly growth rates in GDP produced by the model together with in-sample forecasts
12 quarters ahead (red lines) starting from 2008, 4th quarter.

Figure 17: Smoothed shocks
This figure shows the smoothed estimates of the models structural shocks used in the estimation based
on the posterior mode estimates of the model’s structural parameters.
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Figure 18: Smoothed shocks
This figure shows the smoothed estimates of the models structural shocks used in the estimation based
on the posterior mode estimates of the model’s structural parameters.

Figure 19: Smoothed shocks
This figure shows the smoothed estimates of the models structural shocks used in the estimation based
on the posterior mode estimates of the model’s structural parameters.
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Figure 20: Smoothed shocks
This figure shows the smoothed estimates of the models structural shocks used in the estimation based
on the posterior mode estimates of the model’s structural parameters.

Figure 21: Smoothed shocks
This figure shows the smoothed estimates of the models structural shocks used in the estimation based
on the posterior mode estimates of the model’s structural parameters.
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Figure 22: Smoothed shocks
This figure shows the smoothed estimates of the models structural shocks used in the estimation based
on the posterior mode estimates of the model’s structural parameters.

Figure 23: Smoothed processes for the structural shocks
This figure shows the smoothed estimates of the models structural shocks processes used in the
estimation based on the posterior mode estimates of the model’s structural parameters.
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Figure 24: Smoothed processes for the structural shocks
This figure shows the smoothed estimates of the models structural shocks processes used in the
estimation based on the posterior mode estimates of the model’s structural parameters.

Figure 25: Smoothed processes for the structural shocks
This figure shows the smoothed estimates of the models structural shocks processes used in the
estimation based on the posterior mode estimates of the model’s structural parameters.
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Figure 26: Smoothed processes for the structural shocks
This figure shows the smoothed estimates of the models structural shocks processes used in the
estimation based on the posterior mode estimates of the model’s structural parameters.

Figure 27: Smoothed processes for the structural shocks
This figure shows the smoothed estimates of the models structural shocks processes used in the
estimation based on the posterior mode estimates of the model’s structural parameters.
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Figure 28: Smoothed processes for the structural shocks
This figure shows the smoothed estimates of the models structural shocks processes used in the
estimation based on the posterior mode estimates of the model’s structural parameters.
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Figure 32: Historical Shock Decomposition, Risk premia shock
This figure shows the relationship between observed demeaned interest rate spread and the affect
from the risk premia shock, εR, on the output gap in the historical shock decomposition. The spread is
the difference between the monetary policy rate for Denmark and the lending rate to household for
housing purchases. See also appendix (11) for a description of data. The decomposition have been
computed using the posterior mode estimates of the model’s structural parameters. Both series have
been demeaned and divided by its standard deviation.

Figure 33: Historical Shock Decomposition, Consumption shock
This figure shows the relationship between observed consumption-to-GDP ratio and the affect from the
preference shock for consumption today relative to the future, εC, on the output gap in the historical
shock decomposition. The decomposition have been computed using the posterior mode estimates
of the model’s structural parameters. Both series have been demeaned and divided by its standard
deviation.
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Figure 34: Historical Shock Decomposition, Temporary Investment shock
This figure shows the relationship between observed investment-to-GDP ratio and the affect from
the temporary investment shock , εI, on the output gap in the historical shock decomposition. The
decomposition have been computed using the posterior mode estimates of the model’s structural
parameters. Both series have been demeaned and divided by its standard deviation.

Figure 35: Historical Shock Decomposition, Labour supply shock
This figure shows the relationship between observed employment and the affect from the labour
supply shock, εχ, on the output gap in the historical shock decomposition. Employment consists of
total employment in public- and private sector as well self-employed. Both series have been demeaned
and divided by its standard deviation. The decomposition have been computed using the posterior
mode estimates of the model’s structural parameters.
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Figure 36: Historical Shock Decomposition, Productivity shocks
This figure shows the relationship between observed employment and the affect from the technology
shocks,εAY,T , on the output gap in the historical shock decomposition. Observed productivity is the
detrended serie for added value in non-agricultural sector divided by hours, and employment divided
by GDP respectively. The first series is taken from the Mona-data base, probx. Both series have been
demeaned and divided by its standard deviation. The decomposition have been computed using the
posterior mode estimates of the model’s structural parameters.

Figure 37: Historical Shock Decomposition, Domestic Price Markup-shock
This figure shows the relationship between observed prices (demeaned IMI divided by output) and the
affect of the domestic price markup shock, εεP , on the output gap in the historical shock decomposition.
Both series have been demeaned and divided by its standard deviation. The decomposition have been
computed using the posterior mode estimates of the model’s structural parameters.
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Figure 38: Historical Shock Decomposition, Public consumption shock
This figure shows the relationship between observed public consumption divided by output and the
affect of the public consumption shock, εG, on the output gap in the historical shock decomposition.
Both series have been demeaned and divided by its standard deviation. The decomposition have been
computed using the posterior mode estimates of the model’s structural parameters.
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Figure 41: Historical Shock Decomposition, Temporary productivity shock in the resi-
dential sector
This figure shows the relationship between observed real residential investment-to-GDP ratio and the
effect of the temporary productivity shock in the housing sector, εAX,T , on the output gap and the real
house price gap in the historical shock decomposition. Both series have been demeaned and divided
by its standard deviation. The decomposition have been computed using the posterior mode estimates
of the model’s structural parameters.

Figure 42: Historical Shock Decomposition, Housing Preference Shock
This figure shows the relationship between the observed real house price and the effect of the
housing preference shock, εH, on the output gap and the real house price gap in the historical shock
decompositions. Both series have been demeaned and divided by its standard deviation. The
decomposition have been computed using the posterior mode estimates of the model’s structural
parameters.
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Figure 43: Historical Shock Decomposition for CPI-inflation, πC
t

This figure shows the year-to-year change in the CPI-deflator. decomposed into the structural shocks in the model. The shocks
are grouped into categories as explained in the text. Residual contributions, which capture the influence of the initial state of the
economy and measurement errors, are not shown. The decomposition have been computed using the posterior mode estimates
of the model’s structural parameters. The steady state of the CPI-deflator in the model is 1.

Figure 44: Historical Shock Decomposition for CPI-inflation, πC
t

This figure shows the combined contribution of the category named foreign shocks (solid lines), as explained in the text. The
light-gray line is the inflation in the PPI-deflator. Residual contributions, which capture the influence of the initial state of the
economy and measurement errors, are not shown. The decomposition have been computed using the posterior mode estimates
of the model’s structural parameters. The steady state of the CPI-deflator in the model is 1.
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Figure 45: Historical Shock Decomposition for CPI-inflation, πC
t

This figure shows the combined contribution of the category named markup (solid lines), as explained in the text. The light-gray
line is the inflation in the PPI-deflator. Residual contributions, which capture the influence of the initial state of the economy and
measurement errors, are not shown. The decomposition have been computed using the posterior mode estimates of the model’s
structural parameters. The steady state of the CPI-deflator in the model is 1.

Figure 46: Historical Shock Decomposition for CPI-inflation, πC
t

This figure shows the combined contribution of the category named supply (solid lines), as explained in the text. The light-gray
line is the inflation in the PPI-deflator. Residual contributions, which capture the influence of the initial state of the economy and
measurement errors, are not shown. The decomposition have been computed using the posterior mode estimates of the model’s
structural parameters. The steady state of the CPI-deflator in the model is 1.
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9. Appendix A: Growth and detrending

There are three trends in the economy: Growth in total factor productivity (TFP) in the
goods sector, AY

t , growth in investment-specific technology, Zt, and growth in TFP in the
construction sector, AX

t . The first two trends are identical to those in Pedersen and Ravn
(2013), while the latter is introduced along with the housing and construction sector.

I begin by computing the compounded growth rate of output. This will be important, as
many other variables in the model will grow at the same rate as output along the economy’s
balanced growth path. The production function in the goods sector is given by:

YtDt = AY
t

((
Kt−1

)1−η (
KG

t−1

)η)αY [(
NP

t

)ω (
NI

t

)1−ω]1−αY

.

For the purpose here, I can for simplicity consider the following version, using the fact that
the two types of capital (public and private) and of labour, NP

t , NI
t , each share the same

growth rate:
YtDt = AY

t (Kt−1)α
Y

(Nt)
1−αY

In this expression, I know that TFP grows at the rate dAY
t . Moreover, due to growth in

investment-specific technology (IST), the capital stock grows at a faster rate than output. In
particular, it grows with the growth rate of output times the growth rate in IST. Finally, price
dispersion, Dt, and labor input are stationary variables that do not grow along the balanced
growth path. I can use these insights to derive an expression for the growth rate of output
by dividing the production function in period t with that in period t − 1:

YtDt

Yt−1Dt−1
=

AY
t

AY
t−1

(Kt−1

Kt−2

)αY ( Nt

Nt−1

)1−αY

⇔

dYtdDt = dAY
t (dKt−1)α

Y
(dNt)

1−αY
,

where dXt ≡ dXt
dXt−1

denotes the growth in variable Xt. Since price dispersion and labor input
are stationary, I have that dDt = dNt = 1, so that these terms cancel out,

dYt = dAY
t (dKt−1)α

Y
.

I can now impose the relation between the growth rates of capital and output, which, as
described above, tells us that:

dKt = dYtdZt.

Moreover, along the balanced growth path, where all shocks are zero and have died out, it
will be the case that dKt−1 = dKt. We can therefore rewrite the expression above as:

dYt = dAY
t (dKt−1)α

Y ⇔
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dYt = dAY
t (dYtdZt)

αY ⇔
(dYt)

1−αY
= dAY

t (dZt)
αY ⇔

dYt =
(
dAY

t dZα
Y

t

) 1
1−αY ≡ dΓt.

In other words, output, consumption, and many other variables will grow with the economy’s

compounded growth rate denoted Γt ≡
(
AY

t ZαY

t

) 1
1−αY .26 Likewise, this term shows up in the

measurement equations when the model is taken to data.

I can likewise derive an expression for the growth rate of housing construction, Xt. As
for the goods sector, I may consider the following, simplified production function without
loss of generality:

Xt = AX
t (lt−1)α

X
(
ĨH
t

)1−αX

Once again, I can divide by the lagged production function and rewrite the equation in
terms of changes:

dXt = dAX
t dlα

X

t

(
dĨH

t

)1−αX

Land is in fixed supply and hence also stationary; dlt = 1. Intermediate inputs in the
construction sector, IH

t , grows at the same rate as output since this is produced from the
same technology:

dXt = dAX
t (dΓt)

1−αX ≡ dΓX
t .

The relative growth rate between residential investments and goods can be derived as
follows:

dXt

dYt
=

dAX
t (dΓt)

1−αX

dΓt
= dAX

t dΓ−α
X

t ,

and as residential investment during the sample period has experienced practically zero
productivity growth, the relative long-run growth rate is

dXt

dYt
= dΓ−α

X

t

Hence, the real house price in the model grows by dΓα
X

t ; there is a positive growth rate in the
real house price due to a factor which is in fixed supply, land, and due to lower productivity
growth in the construction sector.

From a computational perspective, growth is introduced in the same way as in Pedersen
and Ravn (2013). The idea is the following: In each equation, all non-stationary variables are
multiplied by the level of that particular variable’s growth. In the next step, I then seek to

26Note that the expression for the compounded growth rate in Iacoviello and Neri (2010) differs somewhat (eq.
(12) in that paper). This is because they have the TFP term inside the expression for labor (see their eq. (6)), so that
TFP growth affects output less than 1-for-1. In contrast, this model, as well as that of Liu et al. (2013), features an
exponent of 1 on the TFP term.
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transform those level variables into growth rates by manipulating the equations; the model
does not want the level of the growth variables (e.g.,Zt) to appear anywhere in the equations,
but only the rate of growth (e.g., dZt ≡ Zt

Zt−1
), for which I have meaningful steady state values

(these are given by, respectively, λY
A, λX

A, λz). The challenge is therefore to figure out what is
the correct growth rate of each variable is. For many variables, the growth rate will be a
combination of the different trends.

Consider as an example the first-order condition for consumption of patient households,
which is given by:

PC
t

Pt
λP

t

(
1 + τVAT

t

)
=

1
CP

t − hCCP
t−1

.

The tax rate, τVAT
t , is stationary. In addition, recall that PC

t
Pt

measures the relative price of
consumption and not a price level and therefore is this variable also stationary. This leaves
consumption and the shadow price as the only trending variables. As discussed above,
consumption grows at the same rate as output. Accordingly, the shadow price needs to
take this growth into account; otherwise the ever-increasing levels of consumption would
eventually drive the shadow price to zero. This can be seen from the simplest possible
version of this equation: In the absence of shocks, taxes, nominal rigidities and habits, the
equation would simply collapse to λP

t = 1
CP

t
. Hence, λP

t grows at the inverse growth rate of
consumption.

We can then manipulate the first-order condition as:

PC
t

Pt
λP

t

(
1 + τVAT

t

)
=

1
CP

t − hCCP
t−1

⇔

PC
t

Pt

λP
t

Γt

(
1 + τVAT

t

)
=

1
CP

t Γt − hCCP
t−1Γt−1

⇔

PC
t

Pt

λP
t

Γt

(
1 + τVAT

t

)
=

1
Γt

CP
t − hCCP

t−1
Γt−1
Γt

⇔

PC
t

Pt
λP

t

(
1 + τVAT

t

)
=

1
CP

t − hCCP
t−1

1
dΓt

.

This is the growth-adjusted version of the first-order condition. Note that only growth rates
appear; no levels. Intuitively, the equation shows that in the habit formation of households,
I need to account for the growth rate in consumption when computing the habit-adjusted
consumption level from which the household derives utility.

I can proceed in the same way with all other equations of the model. In the following, I
will only show the derivations for a representative subsample of the equations.

First order condition for the patient household with respect to housing:
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ςHHt
1

HP
t ΓX

t

+
(
βPCt

) (
1 − δH

)
Et



λP

t+1

Γt+1

QH
t+1Γt+1

ΓX
t+1


 =

(
1 + τH

t

) λP
t

Γt

QH
t Γt

ΓX
t

⇔

ςHHt
1

HP
t

+
(
βPCt

) (
1 − δH

)
Et


λP

t+1

QH
t+1Γ

X
t

ΓX
t+1


 =

(
1 + τH

t

)
λP

t QH
t ⇔

ςHHt
1

HP
t

+
(
βPCt

) (
1 − δH

)
Et


λP

t+1

QH
t+1

dΓX
t+1


 =

(
1 + τH

t

)
λP

t QH
t ,

where it should be noted that the relative house price QH
t grows at the inverse rate of the

growth rate of housing (i.e., 1
ΓX

t
) times the growth rate of output, so that relative expenditures

on land QH
t HP

t grow at the same rate as output and consumption. As explained by Iacoviello
and Neri (2010), this helps reconcile the upward trend in relative house prices and the
stationary nominal expenditure share on household investment goods.

FOC for patient deposits becomes:

λP
t

Γt
= βPRD

t Et



λP

t+1

Γt+1πDK
t+1


 − βP

(
RD

t − 1
)

Et
τB

t+1λ
P
t+1

Γt+1πDK
t+1

⇔

λP
t = βPRD

t Et




λP
t+1

dΓt+1πDK
t+1


 − βP

(
RD

t − 1
)

Et
τB

t+1λ
P
t+1

dΓt+1πDK
t+1

.

FOC for the impatient households housing services:

ςHHt

HI
tΓ

X
t

+
(
βICt

) (
1 − δH

)
Et



λI

t+1

Γt+1
QH

t+1
Γt+1

ΓX
t+1




+
ΘI

tµ
I
t

Γt

Et

(
QH

t+1Γt+1πDK
t+1

)

ΓX
t+1RL,I

t

=
(
1 + τH

t

) λI
t

Γt

QH
t Γt

ΓX
t

⇔

ςHHt

HI
t

+
(
βICt

) (
1 − δH

)
Et


λI

t+1

QH
t+1

dΓX
t+1




+
ΘI

tµ
I
tdΓt+1

dΓX
t+1

Et

(
QH

t+1π
DK
t+1

)

RL,I
t

=
(
1 + τH

t

)
λI

tQ
H
t ,

since the shadow price associated with the collateral constraint, µI
t, follows the same trend

as λI
t.
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FOC for impatient borrowing:

λI
t

Γt
− µ

I
t

Γt
=

(
βICt

)
RL,I

t Et



λI

t+1

Γt+1πDK
t+1


 −

(
βICt

) (
RL,I

t − 1
)
κR

t+1τ
B
t+1Et



λI

t+1

Γt+1πDK
t+1


⇔

λI
t − µI

t = βIRL,I
t Et




λI
t+1

dΓt+1πDK
t+1


 −

(
βICt

) (
RL,I

t − 1
)
κR

t+1τ
B
t+1Et




λI
t+1

dΓt+1πDK
t+1


 .

Impatient collateral constraint treated as an equality:

BI,DK
t = ΘI

t

Et

(
Γt+1
Γt

ΓX
t

ΓX
t+1

QH
t+1HI

tπ
DK
t+1

)

RL,I
t

⇔

BI,DK
t = ΘI

t

Et

(
dΓt+1

dΓX
t+1

QH
t+1HI

tπ
DK
t+1

)

RL,I
t

.

Impatient HH budget:

(
1 + τVAT

t

) PC
t

Pt
CI

tΓt + QH
t HI

tΓt −
(
1 − δH

)
QH

t
Γt

ΓX
t

HI
t−1Γ

X
t−1

−BI,DK
t Γt +

RL,I
t−1BI,DK

t−1 Γt−1

πDK
t

=
κR,I

t BI,DK
t−1 Γt−1

(
RL,I

t−1 − 1
)

πDK
t

+
(
1 − τn

t
)

wI
tN

I
tΓt − τH

t QH
t HI

tΓt

(
1 + τVAT

t

) PC
t

Pt
CI

t + QH
t


HI

t −
(
1 − δH

) HI
t−1

dΓX
t




−BI,DK
t +

RL,I
t−1BI,DK

t−1

πDK
t dΓt

=
κR,I

t BI,DK
t−1

(
RL,I

t−1 − 1
)

dΓtπDK
t

+
(
1 − τn

t
)

wI
tN

I
t − τH

t QH
t HI

t .

Entrepreneur budget:
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(
1 + τVAT

t

) PC
t

Pt
CE

t Γt +
PI,Y

t

Pt

1
Zt

IY
t ΓtZt +

PIX
t

Pt
IH
t Γt

−BE,DK
t Γt +

RL,E
t−1BE,DK

t−1 Γt−1

πDK
t

+ QL
t lt

(
1 + τL

t

)
Γt

= ΓtQl
tlt−1 + ΓtrL

t lt−1 −


τK

t rK,Y
t uY

t Kt

Zt
− τ

K
t δ

K,Y

Zt
+

zu
(
uY

t Kt

)

Zt


 KY

t−1Γt−1Zt−1

+
κR,E

t BE,DK
t−1 Γt−1

(
RL,E

t−1 − 1
)

πDK
t

(
1 + τVAT

t

) PC
t

Pt
CE

t +
PI,Y

t

Pt
IY
t +

PI,X
t

Pt
IH
t

−BE,DK
t +

RL,E
t−1BE,DK

t−1

πDK
t dΓt

+ QL
t lt

(
1 + τL

t

)

= ΓtQl
tlt−1 + ΓtrL

t lt−1

−
(
τK

t rK,Y
t uY

t Kt − τK
t δ

K,Y + zu
(
uY

t Kt

))
KY

t−1
1

dΓtdZt

+
κR,E

t BE,DK
t−1

(
RL,E

t−1 − 1
)

dΓtπDK
t

where the capital tax payments and deductions and the utilisation costs of capital have
been scaled by the IST growth in the goods production sector. As in Pedersen and Ravn
(2013), this ensures that these costs are not eroded over time. Likewise, the relative price of
investment goods in the goods sector needs to be adjusted for growth (in this case, negative
growth), while the price of investment goods in the construction sector does not. Finally, the
price of land grows at the same rate as output because the stock of land is constant.

Entrepreneur collateral:

BE,DK
t Γt = ΘE

t

Et

[
QY

t+1
Zt+1

KY
t ΓtZtπDK

t+1 + QL
t+1Γt+1ltπDK

t+1

]

RL,E
t

⇔

BE,DK
t = ΘE

t

Et

[
QY

t+1KY
t

1
dZt+1

πDK
t+1 + QL

t+1dΓt+1ltπDK
t+1

]

RL,E
t

.
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Entrepreneur FOC for land:

(
1 + τL

t

) λE
t

Γt
QL

t Γt =
(
βECt

)
Et



λE

t+1

Γt+1



Γt+1

ΓX
t+1

rL
t ΓX

t + QL
t+1Γt+1






+
µE

t

Γt
ΘE

t

Et

(
QL

t+1Γt+1πDK
t+1

)

RL,E
t

⇔

(
1 + τL

t

)
λE

t QL
t =

(
βECt

)
Et

[
λE

t+1

(
rL

t + QL
t+1

)]

+µE
t ΘE

t

Et

(
QL

t+1dΓt+1πDK
t+1

)

RL,E
t

,

where I have used the fact that the rental rate on land grows at the same rate as construction.
This follows intuitively from the fact that land is in fixed supply. From a computational
viewpoint, the FOC for profit maximization with respect to land can be manipulated as
follows:

rL
t ΓX

t =
αXXtΓ

X
t mcX

t

lt−1
⇔

rL
t =

αXXtmcX
t

lt−1

which clearly shows that the rental rate on land must grow at the rate ΓX
t in order to obtain a

sensible stationary equation.

Entrepreneur FOC for intermediates:

PIX
t ΓX

t

PtΓt
=

(
1 − αX

)
XtmcX

t

IH
t

⇔

PIX
t

Pt
=

(
1 − αX

)
XtΓ

X
t mcX

t

IH
t Γt

FOC for labor:

w j
tΓt =

mct

(
1 − αY

)
ωYtΓt

N j
t

⇔

wY,P
t =

mct

(
1 − αY

)
ωYt

N j
t

, f or j = P, I

Rental rate, goods sector:

rK,Y
t

Zt
uY

t Kt =

(
1 − η)αYYtΓt

KY
t−1Γt−1Zt−1

⇔
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rK,Y
t uY

t Kt =

(
1 − η)αYYt

KY
t−1

ΓtZt

Γt−1Zt−1
,

where I then define Invgrowtht = ΓtZt
Γt−1Zt−1

in the codes.

About the different rental rates of the model: The rental rate of land is increasing due to
the scarcity of land, as we saw above. In contrast, the rental rate of capital in the goods sector
is declining due to IST growth. In particular, it is declining at the same rate as the relative
price of capital (or investment) in the goods sector relative to the output of the goods sector,
i.e. consumption goods. We know that the relative price of investment goods declines by Zt

because the capital-output ratio grows by Zt; hence, also rKY
t declines by Zt, as I used above.

FOC for investment in goods sector is unchanged from Pedersen and Ravn (2013).

FOC for capital

QY
t =

(
βECt

)
Et
λE

t+1

λE
t

∗
[
rK,Y

t+1

(
1 − τK

t+1

)
uY

t+1Kt + τK
t+1δ

K,Y − zu
(
uY

t+1Kt+1

)
+

(
1 − δK,Y

)
QY

t+1

]

+ΘE
t
µE

t

λE
t

EtQY
t+1π

DK
t+1

RL,E
t

QY
t

Zt
=

(
βECt

)
Et
λE

t+1Γt

λE
t Γt+1

∗



rK,Y
t+1

(
1 − τK

t+1

)
uY

t+1Kt

Zt+1
+
τK

t+1δ
K,Y

Zt+1
−

zu
(
uY

t+1Kt+1

)

Zt+1




+βEEt
λE

t+1Γt

λE
t Γt+1

(
1 − δK,Y

) QY
t+1

Zt+1
+ ΘE

t
µE

t Γt

λE
t Γt

Et
QY

t+1
Zt+1

πDK
t+1

RL,E
t

QY
t =

(
βECt

)
Et
λE

t+1

λE
t

ΓtZt

Γt+1Zt+1

[
rK,Y

t+1

(
1 − τK

t+1

)
uY

t+1capt + τK
t+1δ

K,Y − zu
(
uY

t+1capt+1

)]

+
(
βECt

)
Et
λE

t+1

λE
t

(
1 − δK,Y

)
QY

t+1
ΓtZt

Γt+1Zt+1
+ ΘE

t
µE

t

λE
t

EtQY
t+1π

DK
t+1

RL,E
t

Zt

Zt+1

QY
t =

(
βECt

)
Et
λE

t+1

λE
t

ΓtZt

Γt+1Zt+1
∗

[
rK,Y

t+1

(
1 − τK

t+1

)
uY

t+1Kt + τK
t+1δ

K,Y − zu
(
uY

t+1Kt+1

)
+

(
1 − δK,Y

)
QY

t+1

]

+ΘE
t
µE

t

λE
t

EtQY
t+1π

DK
t+1

RL,E
t

1
dZt+1

.
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Production function, goods sector:

YtDt = AY
t

((
K

Y
t−1

)1−η (
KG

t−1

)η)αY (
NTot

t

)1−αY

⇔

YtΓtDt = AY
t

((
K

Y
t−1Γt−1Zt−1

)1−η (
KG

t−1Γt−1Zt−1

)η)αY (
NTot

t

)1−αY

⇔

YtDt =
AY

t (Γt−1Zt−1)α
Y

Γt

((
K

Y
t−1

)1−η (
KG

t−1

)η)αY (
NTot

t

)1−αY

⇔

YtDt =
AY

t

((
AY

t−1ZαY

t−1

) 1
1−αY Zt−1

)αY

(
AY

t ZαY

t

) 1
1−αY

((
K

Y
t−1

)1−η (
KG

t−1

)η)αY (
NTot

t

)1−αY

⇔

YtDt =

AY
t

(
AY

t−1

) αY

1−αY

(
Z

αY

1−αY

t−1 Zt−1

)αY

(
AY

t

) 1
1−αY Z

αY

1−αY

t

((
K

Y
t−1

)1−η (
KG

t−1

)η)αY (
NTot

t

)1−αY

⇔

YtDt =
(
AY

t

)1− 1
1−αY

(
AY

t−1

) αY

1−αY Z
αY

1−αY

t−1 Z
− αY

1−αY

t
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K

Y
t−1

)1−η (
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t−1

)η)αY (
NTot
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⇔

YtDt =




AY
t−1

AY
t




αY

1−αY (Zt−1

Zt

) αY

1−αY
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K
Y
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)1−η (
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)η)αY (
NTot
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⇔
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)− αY

1−αY
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K

Y
t−1

)1−η (
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t−1

)η)αY (
NTot

t

)1−αY

,

where I have used the definition of Γt ≡
(
AY

t ZαY

t

) 1
1−αY .

Production function in the residential investment sector:

Xt = AX
t (lt−1)α

X
(
ĨH
t

)1−αX

⇔

XtΓ
X
t = AX

t (lt−1)α
X
(
ĨH
t Γt

)1−αX

⇔

Xt =
AX

t Γ1−αX

t

ΓX
t

(lt−1)α
X
(
ĨH
t

)1−αX

⇔

Xt =
ΓX

t

ΓX
t

(lt−1)α
X
(
ĨH
t

)1−αX

⇔

Xt = (lt−1)α
X
(
ĨH
t

)1−αX

114



An Estimated DSGE model for Denmark with Housing, Banking, and Financial Frictions

Capital accumulation:

KY
t =

(
1 − δK,Y

)
KY

t−1 + (1 − St) ZT
t IY

t ⇔

KY
t ΓtZt =

(
1 − δK,Y

)
KY

t−1Γt−1Zt−1 + (1 − St) ZT
t IY

t ΓtZt ⇔

KY
t =

(
1 − δK,Y

)
KY

t−1
Γt−1Zt−1

ΓtZt
+ (1 − St) ZT

t IY
t .

Goods market clearing:

Yt = CP,DK
t + CI,DK

t + CE,DK
t + IY,DK

t + IH,DK
t + Gt + IG

t + zu
(
uY

t Kt

)
KY

t−1 +
Adjt−1

πDK
t

+ Ext ⇔

Yt = CP,DK
t + CI,DK

t + CE,DK
t + IY,DK

t + IH,DK
t + Gt + IG

t +
zu

(
uY

t Kt

)
KY

t−1

dΓtdZt
+

Adjt−1

dΓtπDK
t

+ Ext.

FOC for loan branch of bank:

0 = 1−εbj
t +εbj

t

RL
t − 1

RL, j
t − 1

−ΦB, j




RL, j
t − 1

RL, j
t−1 − 1

− 1




RL, j
t − 1
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t−1 − 1

+ΦB, jEtqP
t,t+1


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RL, j
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RL, j
t − 1

− 1
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
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RL, j
t+1 − 1

RL, j
t − 1




2
B j

t+1

B j
t

.

Here, I first insert the expression for qP
t,t+1 =

(
βPCt

) EtλP
t+1

λP
t π

DK
t+1

:

0 = 1 − εbj
t + εbj

t

RL
t − 1

RL, j
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−ΦB, j
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RL, j
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− 1
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
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RL, j
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
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0 = 1 − εbj
t + εbj

t
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,

i.e. all the growth-related terms cancel out, and we are left with the original equation. This
holds also for the equivalent FOC for the deposit branch.

Law of motion for bank capital:

πDK
t KB

t Γt =
(
1 − δB

)
KB

t−1Γt−1 + Ξt−1Γt−1 ⇔

πDK
t KB

t dΓt =
(
1 − δB

)
KB

t−1 + Ξt−1.

The expression for bank profits is unaffected, as the growth terms may simply be
cancelled out.

Net foreign asset position:

D∗t =
RECB

t−1 exp(−ψd

(D∗t−1
Yt−1
− D

∗

Y

)
)

πDK
t

D∗t−1 + Ext − Imt ⇔

D∗tΓt =
RECB

t−1 exp(−ψd

(D∗t−1Γt−1

Yt−1Γt−1
− D

∗

Y

)
)

πDK
t

D∗t−1Γt−1 + ExtΓt − ImtΓt ⇔

D∗t =
RECB

t−1 exp(−ψd

(D∗t−1
Yt−1
− D

∗

Y

)
)

πDK
t

D∗t−1
1

dΓt
+ Ext − Imt.

The process for zP
t reads:

zP
t =

(
zP

t−1

)ν ( 1
λP

t

)1−ν
,

which becomes:

zP
t Γt =

(
zP

t−1Γt−1

)ν ( Γt

λP
t

)1−ν
⇔
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zP
t =

(
zP

t−1
1

dΓt

)ν ( 1
λP

t

)1−ν
,

where I recall that also the smooth process for habit-adjusted consumption, i.e. zP
t , needs to

be adjusted for growth. The explanation is as follows: In computing OP
t , which feeds into the

patient household’s disutility of labor, I need to compare the growth rate of (habit-adjusted)
consumption to its steady state growth rate: If consumption grows faster than this rate,
OP

t is smaller than 1, as explained in Pedersen and Ravn (2013). As a result, in a model
where consumption is stationary, so is zP

t ; but in a model with growth in consumption in
steady state, such as this model, the variable zP

t needs to grow at the same rate in order
for this comparison (and thus for the computation of OP

t ) to make sense at every point in
time. In other words, zP

t grows at the same rate as consumption. On the other hand, OP
t is a

stationary variable that needs not be transformed. The equation for OP
t then becomes:

OP
t = zP

t λ
P
t ⇔

OP
t = zP

t Γt
λP

t

Γt
⇔

OP
t = zP

t λ
P
t ,

i.e. this equation remains unchanged.

The wage process for the wage rate for households of type j = P, I is:

(
w j

t

)1−εW
t

= θW

(
w j

t−1

)1−εW
t

+ (1 − θW)
(
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t ⇔
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t ⇔
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t ⇔
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

1
1−εWt

.
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10. Appendix B: Measurement equations, Shocks, and Calibration

10.1. Calibration

In what follows, I will describe the calibrations of the models’ parameters. l aim to hit
”big ratios”; residential construction to GDP ratio, private consumption to GDP ratio etc. I
set the deep parameters which also existed in the model of Pedersen and Ravn (2013) to
the estimated values in that model if they are not reestimated. I calibrate the parameters
which are new in this model following Iacoviello and Neri (2010) and Gerali et al. (2010).
I deviate from this strategy for some parameters to get plausible impulse responses. The
calibrated parameters can be found in table (3). In these tables it is also briefly explained
how the standard DSGE-parameters are calibrated. Consequently, in what follows not all
the parameter calibrations are explained in detail.

I aim to get best possible fit of the average GDP-ratios in the supply balance. I use the
steady state value of the export shock, xZ, and the labour supply shock, χ̄, given all the
structural parameters, to hit the consumption to GDP ratio of approximately 50 pct. In the
model, a higher steady state private consumption to GDP ratio implies a lower export to
GDP-ratio. Hence, I can not hit both ratios at the same time. In the model, the export to GDP
ratio is around 37 1

2 pct., which is below the empirical ratio of around 50 pct. The part of the
households which are credit constrained, the calibration of its labour supply etc. implies
that patient household consumes around 3/4 of total private consumption, the entreprenuer
around 5 pct. and the impatient household around 20 pct. The public consumption to
GDP ratio is set to 26 pct. of GDP approximately equal to its long run empirical average. I
calibrate the investment share to 18 pct. of GDP using depreciation of capital, δK,Y. Imports
in steady state follows from the steady state ratio of the rests of the variables.

I set the steady state level of construction to the long run average for the Danish
economy, 4 1

2 pct. of GDP. I use the preference parameter on the impatient households’
utility function, ςHI, to calibrate the relative steady state ratios of housing wealth among the
two types of households; ωQH

t Htot
t for for the patient household and (1 − ω) QH

t Htot
t for the

impatient household. I calibrate the total household wealth using depreciation of housing
together with the preference parameters previously mentioned. I aim for a level of total
housing wealth in percentage of GDP of around 1.75, which equals the empirical counterpart
in the later part of the sample. As it is difficult to get good data for land, I have calibrated
the value of land to 50 pct. of GDP.

I use the preference parameter, ηN, in the household’s utility function for labour to hit
a value of around 1/3 for labour for both type of households. I calibrate the substitution
of different labour types, εW, to give a markup that gives a steady state unemployment of
around 4 pct. of the labour force, which is believed to be the structural level for Denmark,
see Andersen and Rasmussen (2011).

I set the production function parameter for construction, αX, to 0.8, which implies that
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a house consists roughly of 20 pct. land and 80 pct. goods. This follows the strategy from
macroeconometric model’s for Denmark, see Grinderslev and Smidt (2006).

I calibrate the home-bias parameter for construction, ϑX, to 0.8 based on estimates
from input-output tables, see og Byggestyrelsen (2008). I calibrate the home-bias to 1 for
public consumption. Public consumption in this model includes both consumption of goods,
which can have a large import component, and services, which have a much lower import
component, as well as public production such as education and child care. This latter
component of public consumption is the largest and only has an import share of around
10 pct. Based on input-output tables it could perhaps be justified to set it to 0.9, but the
parameter is set to 1 for simplicity. All tax rates are calibrated to its equivalent counter part
in the Danmarks Nationalbanks’ macroeconometric model, MONA, see Nationalbanken
(2003).

10.2. Measurement equations

In the estimation it is necessary to link observable data to variables in the model. I will in
this section use GDP as an example. In the model GDP is growing due to the assumption
on a trend in productivity and the price of investment goods. I need to map the difference
in GDP stationarized, Γt

Yt
Yt−1

, in which Γt is the long-run quarter-to-quarter growth rate of
output, to data. One time period in the model is 1 quarter. I consequently need to take

log-differences of GDP but not demean it: gyt ≡ log(Yobs
t )

log(Yobs
t−1)

. Consequently, all variables which
trend with the trend rate of GDP need to be link to data using in the following way:

gz1
t = Γt

Z1
t

Z1
t−1

, f or Z1
t = Yt,Ext, IMt,Gt, I

g
t ,W

Tot
t , πM

t , π
Ex
t , π

X
t ,B

E
t ,B

I
t,W

tot
t

Likewise, all variables which grows with the trend rate of residential investments, ΓX
t , need

to be multiplied by that growth rate

gzX
t = Γt

ZX
t

ZX
t−1

, f or ZX
t = Xt, π

X
t ,

, while the real house price grows by the ratio of the growth rate in the goods sector, Γt, to
the growth rate in the construction sector, ΓX

t , such that the measurement equation becomes

gQH
t =

Γt

ΓX
t

QH
t

QH
t−1

Investments and private consumption are in data measured including imports, Ct =

CDK
t +CW

t , while the respective model variables is an CES aggregate of the two subcomponents.
Further data measures total private consumption while in the model private consumption is
divided into the three agents, patient and impatient households and the entreprenuer. Taken
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consumption for patient households as an example, I add the demand for consumption
goods produced in Denmark, CP,DK

t , and consumption goods imported, CP,F
t ,

CP,DK
t = ϑc

(
Pt

PC
t

)−υc

CP
t ,

CP,F
t = (1 − ϑc)

(
PM

t

PC
t

)−υc [
1 − χC

t −
(
χC

t

)′
CF

t

]υc CP
t(

1 − χC
t

)

CP,DK
t + CP,F

t =


ϑc

(
Pt

PC
t

)−υc

+ (1 − ϑc)
(

PM
t
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t
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t −
(
χP,C

t

)′
CP,F

t

]υc (
1 − χP,C

t

) CP
t

I then add the consumption for the three types of consumers,

CTot
t ≡

(
CP,DK

t + CP,F
t

)
+

(
CI,DK

t + CI,F
t

)
+

(
CE,DK

t + CE,F
t

)

=


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(
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+ (1 − ϑc)
(

PM
t
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)′
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
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, which allows me to write

gct = Γt log(




CTot
t

CTot
t−1




The measurement equation for investments is similarly given by:

ITot
t ≡ IY,DK

t + IY,F
t =


ϑI



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(
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gIy
t = ΓtZt log(




ITot
t

ITot
t−1


 ,

where the trend variable is corrected by the trend rate in investment prices.

Some variables are stationary in the model and are consequently matched as

gz2
t =

Z2
t

Z̄
, f or Z2

t = UTot
t ,NTot

t , πDK
t , τn

t

The investment price are assumed to follow a different trend than output:
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πIY
t =

log
(
PIY

t

)

log
(
PIY

t−1

) =
(
Γt

Zt

)
πIY

t

This is also so for public investments.

Data for the two foreign economies are HP-filtered. Hence, there is no need to
stationarize in the measurement equations

gz f
t =

Z f
t

Z f
t−1

, f or Z f
t = FXt,YEA

t ,YRoW
t , πEA

t , πRoW
t , f xt

I recall that interest rates are simply demeaned and hence link one-to-one to the interest
rates in the model. Finally, all taxes and subsidies are measured with respect to their steady
states.

10.3. Shocks

The model includes all in all 38 structural shocks including public finance shocks, but I only
use 30 in the estimation of the model. I also use the 7 shocks from the DSGE-model for the
two foreign economies:

• Public consumption shock, εG

• Public investment shock, εIG

• Shock to tax on housing, ετ
H

• Shock to tax on land, ετ
L

• Shock to interest rate deductions, E.,
εκ

RE

• Shock to interest rate deductions, HH.,
εκ

RI

• Tax on labour income shock, εN

• EA price shock, εΠ,EA

• EA output shock, εy,EA

• ECB interest rate shock, εr,EA

• RoW price shock, εΠ,ROW

• RoW output shock, εy,ROW

• RoW interest rate shock, εr,ROW

• UIP shock, εUIP

• Perm. tech shock, εAY,P

• Temp. tech shock, εAY,T

• Wage markup shock, εε
W

• Temp. tech shock, housing sector, εAX,T

• Export price markup shock, εε
X

• Import shock, εω
I

• Consumption shock, εC

• Price markup shock, εε
P

• Import price markup shock, εε
M

• Export shock,εEx

• Temp. investment shock, εI

• Labour supply shock,εχ

• Riskpremia shock,εR
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• Preference shock for housing, εH

• Markup shock, interest rate, E. εb,I

• Markup shock, interest rate, HH. εb,E

As already described, all shocks are assumed to feed into first-order autoregressive
processes, except for the shock to the ECB policy rate, the shock to the policy rate for the rest
of the world, and the UIP shock, and all price markup shocks, which are all white noise, and
the shocks to public finance variables. I have not included shocks to the trend in the relative
price of investment goods, εZP , as the fit of especially GDP deteriorated. In the estimation I
assume that 21 variables are measured with measurement errors. This concerns GDP, wages,
employment, unemployment, exports, imports, private consumption, private investments,
debt for households and firms, import-, export- and residential investment deflators as well
as all data for the two foreign economies.

11. Appendix C: Data

I estimate the model on data running from 1995Q1 to 2018Q4. I use the first years as ’training’
sample for the Bayesian estimation which I afterwards discard in the analysis. This has
the advantage that initial conditions in the historical shock decomposition are likely to
have vanished in the sample period. I add the most recent forecast produced by Danmarks
Nationalbank for the 3-year period after the sample to get better estimates of the long term
trend in data. The latter must be seen as a consequence of the crisis period which might bias
the long-run growth rate downwards leaving a worse fit at the end of the sample. Strictly
speaking I should perhaps allow for a structural break but I leave that for future work. I
use data from 1995 although the European currency union was not in place before 1999. I
consequently weight the costs of having less data less than the costs of using data from a
group of countries within a currency union, which was not in place at that point in time. I
believe, however, that the initial euro zone countries to some extent shared business cycles
already in 1995, as also suggested by Dam (2008).

In estimating the model, I use times series for 33 macroeconomic variables. I notice
that unlike the estimation of a wide range of DSGE-models, I use employment rather than
hours worked, and redefine the wage as the wage per worker rather than the wage per
hour. This is so as the model focuses on variations in labor at the extensive margin, in a way
consistent with the conventional definition of unemployment. The following time series for
Danish variables describing the Danish real economy are taken from Statistics Denmark and
Danmarks Nationalbank with source in parentheses:

• Real GDP: Danmarks Nationalbank, MONA (variable name: fy).

• GDP-deflator: Danmarks Nationalbank, MONA (variable name: y
f y ).

• Private consumption: Danmarks Nationalbank, MONA (fcp).
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• Government spending: Danmarks Nationalbank, MONA (fco).

• Government investment: Danmarks Nationalbank, MONA (fio).

• Exports: Danmarks Nationalbank, MONA (fe).

• Imports: Danmarks Nationalbank, MONA (fm).

• Total private investment: Danmarks Nationalbank, MONA (fip; chained sum of all
types of private investment, including inventories but excluding construction).

• Labor income tax: Danmarks Nationalbank, MONA (bsda).

• Employment: Danmarks Nationalbank, MONA (qp+qs+qo).

• Unemployment: Danmarks Nationalbank, MONA (ul / (qp+qo+qs) ).

• Industry nominal wages deflated by CPI: Danmarks Nationalbank, MONA (lna / pcp).

• Consumer price index: Danmarks Nationalbank, MONA (pcp).

• Investment deflator: Danmarks Nationalbank, MONA (pip; relative price of total
private investment).

• Import price deflator: Danmarks Nationalbank, MONA (pm).

• Export price deflator: Danmarks Nationalbank, MONA (pe).

• Effective Danish exchange rate: Danmarks Nationalbank, MONA (efkrks).

• eurozone inflation: OECD (obtained from Ecowin).

• Rest of World inflation: OECD (Ecowin).

• eurozone real GDP: OECD (Ecowin).

• Rest of World real GDP: OECD (Ecowin).

• ECB policy (nominal) interest rate: OECD (Ecowin).

• Rest of World implied nominal interest rate: OECD (Ecowin).

The ’Rest of World’-variables are defined as the weighted sum of GDP, inflation or the policy
rate of the Danish trading partners excluding trading partners within the eurozone. The
eurozone and the Rest of the World are approximately of equal size. Data is taken from the
Ecowin data base and OECD.

Finally, which is new in comparison to Pedersen and Ravn (2013), I use financial data to
estimate the model; 4 in total. I follow Gerali et al. (2010) and use time series for nominal
lending rates to firms and households, as well as the outstanding stock of loans. All data is
collected and published by Danmarks Nationalbank:
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• Loans to household: Outstanding amount of loans to households for house purchasing,
total maturity, neither seasonally nor working day adjusted.

• Loans to firms: Outstanding amount of loans to non-financial corporations, total
maturity, neither seasonally nor working day adjusted.

• Nominal interest rate on loans to households: Annualized agreed rate on loans for
house purchases, total maturity.

• Nominal interest rate on loans to firms: Annualized agreed rate on loans other than
bank overdrafts to non-financial corporations with maturity of over one year.

I also include the following variables on the construction side of the model:

• Residential investments: Danmarks Nationalbank, MONA (variable name:fih)

• Residential investment deflator: Danmarks Nationalbank, MONA (variable name:pih)

• Real house price: Danmarks Nationalbank, MONA (variable name: kp/pcp)

• Effective tax rate on value of housing, MONA and own calculations

• Effective tax rate on value of land, MONA and own calculations

• Tax deduction on mortgage loans, MONA and own calculations

Prior to estimation, I transform the time series into quarter-on-quarter growth rates,
approximated by the first difference of their logarithm. As explained above, in the model, I
include a trend in productivity and in the relative price of investments goods. The variables
in the model therefore have trends and consequently, I do not demean data. I also divide by
the working age population to take out possible effects on GDP from demographics, as in
the model I assume the existence of representative households.

All interest rates are simply demeaned. Also, a number of additional transformations
are made to ensure that variable measurement is consistent with the properties of the
model’s growth path. Firstly, I remove the sample growth rate differentials between the
export and import variables and Danish GDP, as these variables in the sample have grown
faster than GDP reflecting globalisation, see also Pedersen and Ravn (2013). I do the same
for outstanding loans and I also divide by the working age population and I translate the
series to real terms. Secondly, for the effective exchange rate I standardise the serie by its
standard deviation and I deduct the mean. Thirdly, tax rates are smoothed using a simple
moving average filter to avoid large spikes in data due to institutional changes. Lastly, I
HP-filter data for the foreign economies as I do not model trends in the foreign economies.

Data is shown in figures (2) to (7).
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12. Appendix D: Identification

Identification can be a big issue in the estimation of DSGE-models, see among many Canova
and Sala (2009) for a discussion of the problems. In this section, I will analyse the strength
of the identification in the estimated model using Dynare in-build toolbox documented in
Ratto and Iskrev (2011). This is done through a number of figures produced by Dynare after
the estimation. Specifically, after estimation Dynare performs local identification checks for
the estimated parameters (and not the calibrated parameters). The program analyses the
first two moments, calculate the Jacobien with respect to the estimated parameters and check
its column rank. If the Jacobian has a full rank, then the parameters are locally identifiable.
This condition is both necessary and sufficient when the shocks are normally distributed
and the number of rows are equal to the number of columns in the Jacobian matrix, see
Ratto and Iskrev (2011).

In figure (47) is shown a measure of the identification strength of the parameters based
on the information matrix calculated in the estimation of the model. I stress that the in-build
Dynare programs can not handle measurement errors, as I have used them in the estimation.
Instead, the programs can only handle errors added directly to the observation equations.
This does make a difference and as will be discussed later, it affects the identification of
some of the shocks.
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Figure 47: Identification using information from observables

Intuitively, the bars in the figure represent the normalized curvature of the log likelihood
function at the prior mean in the direction of the parameter. If a bar is zero, the parameter is
not identified - the likelihood function is flat in this direction. The larger the absolute value
of the bars, the stronger is the identification. Admittedly difficult to see from the figure, all
parameters are identified.

The lower panel in figure (47) decomposes the effect shown in the upper panel. Weak
identification can be due to either other parameters linearly compensating/replacing the
effect of a parameter such that two parameters have the same effect on the likelihood, or
due to the fact that the likelihood does not change at all with the respective parameter;
sensitivity. It is sensitivity which is shown in the bottom panel of figure (47). The bottom
panel shows that none of the parameters give rise to a sensitivity of zero although, naturally,
some parameters have a higher sensitivity than others.
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Figure 48: Sensitivity plot

In figure (48), an aggregate measure of how changes in the estimated parameters impact
the model moments is shown. In the figure, three different measures of sensitivity are
shown. For a presentation of why and how the three types of scaling are done, see Ratto and
Iskrev (2011). The bars shown in the figure depict the length of three different standardized
Jacobian matrices for the respective parameter shown on the x-axis. If the moment matrix
indicates non-identifiability and the model solution matrix indicates identifiability, it means
that the observables used in the estimation are not sufficient. Again, for no parameters are
all the bars zero at the same time.
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Figure 49: Identification using information from observables

Figure (49) helps to detect collinearities. That is, parameters which have the same
affect on the likelihood function. Specifically, the figure shows which linear combination
of parameters shown in the columns best replicates/replaces the effect of the parameter
depicted in the row on the moments of the observables. High values imply the relative
redundancy and thus weak or un-identifiability of the parameter under consideration. I
again refer to Ratto and Iskrev (2011) for details. For each parameter regressions are run of
the column of the Jacobian on all possible combinations of other Jacobian columns. The
procedure looks for the combination with the highest R2 in the regressions. The darker
yellow the squares are, the more critical is the collinearity between parameters.

There are some dark yellow points in the rather large matrix. That is, in the estimation
of the model, some parameters have the same affect as other parameters. The pair of
parameters are however mostly the autoregressive parameter in a shock process with its
own shock, and what intuitively can be expected; as an example import price markup shock
and import shock.
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Identification patterns can be analysed through a decomposition of the information
matrix or of the Jacobian. In figure (50), is shown the eigenvectors of such a decomposition
relative to the smallest and largest singular values. The smaller the eigenvectors, the more
affected is the corresponding parameter by none- or weak identification. The larger it is, the
stronger is the identification relative to the rest of the parameters. A singular value of 0,
implies that the parameter is completely unidentified and the parameter thus have no effect
on the likelihood. The parameter combinations associated with the smallest singular values
are closest to being perfectly collinear and thus redundant.

Figure 50: Identification analysis: Strongest and weakest identification

In figure (50) the smallest singular values are shown. It can be seen that no parameter
has a value of zero and hence all parameters are identified, although of course some are
better identified than others. Specifically, the persistence parameters for the markup shocks
to lending rates in the banking sector are relatively weakly identified. The same goes for
the interest rate deduction shock on interest payments on the firm side. This is confirmed
in the historical shock decomposition for both set of parameters; the markup shocks on
the lending rates and the interest rate payment subsidy play a small role. Looking at the
posterior-prior plot for the cost parameter for deviating from the capital ratio for the banks,
it is also less surprising that this parameter, ΦB, is only weakly identified.
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Figure 51: Identification analysis: Strongest and weakest identification
-

Figure (51) shows the highest singular values. The interpretation is the same as for
figure (50) except for now depicting the parameters being most uncorrelated and thus best
identified. Perhaps misleading, these tend to be the ”measurement” errors. I recall that the
in-build Dynare programs for performing the identification and sensitivity analysis only
works with either no measurement errors or ”measurement” errors added directly to the
measurement equations. Of the structural shocks, the permanent technology shock is the
best identified shock.
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13. Appendix E: The eurozone and rest of world models

As mentioned in the text, the modeling of the two foreign economies follows the approach
in Pedersen and Ravn (2013). The main impacts of the foreign countries on the Danish
economy work through trade and interest rates. I consequently aim for the most flexible
model for these two economies and downplay the microfoundations Further, I do not aim
to estimate a common trend for all the three economies as the data points to different steady
state growth rates in output. Denmark’s role as a small open economy implies that I can
model the foreign economies as being exogenous to the Danish economy. Also, I do not aim
to model the interrelations between the euro zone and rest of the world, and I consequently
do not model trade between these two economies. I do, however, include a UIP-relation
between the policy rate in the two countries so that I can pin down the effective exchange
rate between Denmark and rest of world.

The model for the foreign economies consequently are set as follows. Denmark’s fixed
exchange rate towards the euro implies that I need to include two foreign economies in the
model: One (the euro zone, EA for short) towards which Denmark has a fixed exchange
rate, and one (the Rest of the World; RoW for short) towards which the exchange rate
is fully flexible and exogenous for Denmark due to the small-economy assumption and
with monetary policy given from the euro zone. The two foreign economies are otherwise
completely identical, and are taken as completely exogenous, so that movements in the
Danish economy does not affect the foreign economies. I also do not model trade or other
interactions between the euro zone and the rest of the world. Each of foreign economies is
described by a basic 3-equation New Keynesian model, so that for j = (EA,RoW) I have:

Y j
t

Y
j =




Y j
t+1

Y
j




ρ
j
Y



Y j
t−1

Y
j




1−ρ j
Y




R j
t

R
j

π
j
t+1

π j




−φ j
Y 

ε j

Y,t

ε j
Y


 , (98)

π j
t

π j =



π j

t+1

π j




ρ
j
π


π j

t−1

π j




1−ρ j
π



Y j
t

Y
j




φ
j
π


ε j
π,t

ε j
π


 , (99)

R j
t

R
j =




R j
t−1

R
j




ρ
j
R






π j

t

π j




Γ
j
π



Y j
t

Y
j




Γ
j
Y




1−ρ j
R 

ε j

R,t

ε j
R


 . (100)

Here, (98) is a hybrid dynamic IS-type relation that links output to the real interest rate,
(99) is a version of a hybrid New Keynesian Phillips Curve linking the rate of inflation
to real activity, and (100) is a Taylor rule that determines monetary policy in each of the
two regions as a function of inflation and economic activity. See Galı́ (2009) for a detailed
exposition of the 3-equation New Keynesian model. In turn, the shock processes in each of
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these equations are given as AR(1)-processes:
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for j = (EA,RoW) and k = (Y, π,R), and where the εk, j
t ’s are i.i.d. normal processes. The
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)
are chosen in line with the literature.27

The six shocks are included in the estimation to account for the contribution to the Danish
business cycle of foreign shocks.

Finally, I can write world output and inflation as:
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where the parameter ωX > 0 measures the relative size of the eurozone, and where FX
denotes the change in the effective exchange rate of the Danish krone. The effective exchange
rate is given by:

FXt

FX
=

RECB
t

R
ECB

RRoW
t

R
RoW

εUIP
t ,

so that the effective exchange rate moves in response to interest rate differentials between
the eurozone and the rest of the world. εUIP

t is an i.i.d. normal shock process.

I use the same sample as for the Danish economy. The estimation is done through a
two-step procedure: In the first step, I estimate the two separate small-scale DSGE models
of each of the foreign blocks shown above. In the second step, where I estimate the main
model for Denmark, I include these estimated relations, and then estimate the shocks in the
foreign models by including the data for the foreign economies. The parameter estimates
are shown in the following table.

27It may be difficult to distinguish interest rate smoothing from persistence in the shocks hitting the interest rate
rule. I therefore decide to eliminate the latter by fixing the parameter ρ j

εR = 0 for j = (EA,RoW).
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14. Appendix F: Convergence statistics

Convergence of the algorithm is assessed by looking at the plots of the draws following
conventional theory in Brooks and Gelman (1998). In each of the following figures, the
univariate convergence diagnostics are plotted. The figures in the first column show the
appended (Interval) convergence diagnostics for the 80% interval. The blue line shows the
80% interval/quantile range based on the pooled draws from all sequences, while the red
line shows the mean interval range based on the draws of the individual sequences. The
second and third column with the appended (m2) and (m3) show an estimate of the same
statistics for the second and third central moments, i.e. the squared and cubed absolute
deviations from the pooled and the within-sample mean, respectively.

If the chains have converged, the two lines should stabilize horizontally and should be
close to each other. In the figures, the number of parameter draws are increasing along the
x-axis. The analysis is shown in figures (52(a))-(57).28 Convergence is in general achieved
though less so for some parameters.

The last figures show the multivariate convergence diagnostic. This diagnostics is the
same as the univariate one depicted in the first figures, except for the statistics now being
based on the range of the posterior likelihood function instead of the individual parameters.
Thus, the posterior kernel is used to aggregate the parameters. Convergence is indicated by
the two lines stabilizing and being close to each other.

28I have for brevity left out the convergence analysis for the standard deviation of the measurement errors.
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Figure 57: Multivariate diagnostics as in Brooks and Gelman (1998)
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15. Appendix G: Model equations from Dynare
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Lindé, J., F. Smets, and R. Wouters (2015). Macro Models Used at Central Banks and New
Challenges. Technical report, Working Paper, Handbook of Macroeconomics II.

Liu, Z., P. Wang, and T. Zha (2013). Land-Price Dynamics and Macroeconomic Fluctuations.
Econometrica 81(3), 1147–1184.

Mountford, A. and H. Uhlig (2009). What are the effects of fiscal policy shocks? Journal of
applied econometrics 24(6), 960–992.

Nationalbanken (2003). MONA - en kvartalsmodel af dansk økonomi. Nationalbanken.

og Byggestyrelsen, E. (2008). Input-output analyser for byggeriet. Technical report, Erhvervs-
og Byggestyrelsen.

Pedersen, J. (2012). Fiscal Policy in Macroeconomic models. Danmarks Nationalbank Monetary
Review 3rd quarter, part 2.

Pedersen, J. and S. r. H. Ravn (2013). What Drives the Business Cycle in a Small Open
Economy? Evidence from an Estimated DSGE Model of the Danish Economy. Danmarks
Nationalbank Working Paper (88).

Pedersen, J. and S. r. H. Ravn (2014). A Taylor Rule for Fiscal Policy in a Fixed Exchange
Rate Regime. Danmarks Nationalbank Working Paper (90).

Quint, D. and P. Rabanal (2013). Monetary and macroprudential policy in an estimated
DSGE model of the euro area. International Monetary Fund (13-209).

Ratto, M. and N. I. Iskrev (2011). Identification analysis of DSGE models with DYNARE.
MONFISPOL 225149, 26.

Ravn, S. H. and M. Spange (2014). The Effects of Fiscal Policy in a Small Open Economy
with a Fixed Exchange Rate. Open Economies Review 25(3), 451–476.

159



An Estimated DSGE model for Denmark with Housing, Banking, and Financial Frictions

Salop, S. C. (1979). Monopolistic competition with outside goods. The Bell Journal of Economics,
141–156.
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