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Abstract

This paper investigates the effects of liquidity risk in the mutual fund indus-

try and whether regulatory policies can mitigate it. The analysis is based on an

equilibrium model of investors, mutual funds and traders in the underlying asset

market. Investor redemptions force mutual funds to sell assets which may result in

fire sales if market liquidity, driven by the anticipation of fire sales, is insufficient.

Competitive mutual funds optimally choose to mark their shares to market, such

that potential fire sales are passed on to investors. Traders’ ex-ante liquidity supply

decision is subject to a pecuniary externality, resulting in a constrained inefficient

equilibrium. A mandatory liquidity buffer for mutual funds can improve social

welfare, while redemption gates generally do not.
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1 Introduction

Globally more than USD30 trillion of assets are held in open-ended mutual funds that

offer short-term redemptions while investing in longer-dated and potentially illiquid as-

sets (Carney, 2020). The remarkable rise of these illiquid mutual funds over the last two

decades has generated an active debate among policymakers and academics about their

impact on financial stability. A key concern in this debate revolves around the interplay

between liquidity in the underlying asset market and simultaneous investor redemptions:

large investor outflows may necessitate asset sales by the fund to cover redemptions. For

illiquid assets this may trigger fire sales, which generate further incentives for investors

to redeem their shares due to first-mover advantages (Chen, Goldstein and Jiang, 2010).

However, the incidence of fire sales should incentivize arbitrage capital to stand idle

and ready to purchase undervalued assets, thereby stabilizing asset prices. Can large

flows out of illiquid mutual funds and subsequent sales of assets by these funds desta-

bilize underlying markets? Feroli et al. (2014) use evidence from the dynamics of bond

mutual funds to show that flows in and out of funds seem to aggravate and be aggravated

by changes in bond prices. Moreover, large temporary drops in asset prices due to liquid-

ity pressures have repeatedly led to questions regarding the pricing of mutual fund shares

in such situations. I address these concerns jointly in a model of investor redemptions in

mutual funds where market liquidity and fire sales are endogenously determined.

The paper starts with a three date equilibrium model of asset trading with two types

of risk-neutral agents: investors and liquidity providers. At the initial date investors are

endowed with a risky long-term asset. The risky asset’s success probability is determined

by the realization of an aggregate shock at the start of the interim date. After observing

the risky asset’s success probability (“quality”), investors gain access to a short-term

investment project at the interim date. To invest in this project, investors can sell a frac-

tion of their risky asset to liquidity providers in a competitive asset market. At the initial

date liquidity providers invest their wealth in a long-term illiquid investment project and

a short-term liquid asset. Liquid funds can subsequently be used to purchase some of

investors’ risky asset at the interim date.
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I characterize the competitive equilibrium of the market for the risky asset as well

as liquidity providers’ ex-ante portfolio choice. In equilibrium, the risky asset may trade

at its fundamental price or at a fire sale discount. Fire sales can occur when liquidity

providers’ lack the funds to purchase the risky asset at its fundamental value, leading to

cash-in-the-market pricing as in Allen and Gale (1994). Which case obtains depends on

the risky asset’s quality and the available market liquidity, the aggregate amount of liquid

assets in the hands of liquidity providers. In particular, a decrease in market liquidity

makes fire sales more likely while a decrease in asset quality makes it more likely that

investors sell all of their risky asset holdings.

Liquidity providers’ portfolio choice at the initial date endogenously determines asset

market liquidity and is key for the analysis of (in)efficiencies in the model. While the

long-term investment project is attractive due to its safe payoff at the final date, it is

illiquid and does not generate funds for risky asset purchases at the interim date. The

illiquidity of the long-term project, coupled with the potential of purchasing the (under-

valued) risky asset at fire sale prices, induces liquidity providers to hold the liquid asset.

Interestingly, I show that the equilibrium of the model is constrained inefficient, in the

sense that a social planner choosing the initial investment in the liquid asset could im-

prove upon the equilibrium allocation. In particular, the social planner would increase

liquidity provision, thereby reducing the likelihood of fire sales in the competitive asset

market. The underprovision of liquidity in equilibrium arises because liquidity providers

fail to internalize the impact of their liquidity holdings on the equilibrium price of the

risky asset and ultimately on the investment in the productive short-term project.

To relate the results to the mutual fund (MF) industry, I embed the model of asset

trading with endogenous liquidity provision and fire sales into a parsimonious model of

MFs acting as financial intermediaries. In this setup, a continuum of MFs hold the risky

asset on behalf of their investors. The role of MFs as intermediaries can be rationalized

by the fact that many asset classes such as corporate bonds are not readily available to

retail investors. In the model, investors can redeem their MF shares at the interim date,

thereby raising funds to invest in the short-term project, or keep their shares until the

final date. The share price at both dates is determined by a contract between the MF and
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investors, which specifies how the share price reacts to the aggregate state of the econ-

omy. Perfect competition in the MF industry results in contracts designed to maximize

investors’ expected payoff. MFs accommodate redemptions at the interim date by selling

some of the risky asset to liquidity providers, whose budget for risky asset purchases is

determined by their portfolio choice at the initial date.

The results show that in the competitive equilibrium, the MF share price reflects the

market value of the MF’s asset holdings, i.e. MFs mark their shares to market. This

implies that the value of investors’ shares decreases when the MF sells the risky asset

into an illiquid market, thereby causing fire sales. The model of the mutual fund indus-

try replicates the previous result on sub-optimal liquidity provision in the competitive

equilibrium.

Lastly, I investigate the potential of regulatory policies to improve social welfare in

the mutual fund industry. I analyze two policies often cited in discussions among aca-

demics and regulators: firstly, a liquidity requirement which leads mutual fund’s to hold

liquid assets in their portfolio, and secondly, a redemption gate which restricts investor

redemptions during times of market turmoil. Both policies have adverse effects on liq-

uidity providers’ liquidity provision as they limit the likelihood of fire sales. However,

mutual funds’ liquidity buffer more than compensates for the decrease in endogenous

liquidity provision such that total market liquidity and social welfare increase under liq-

uidity requirements. In contrast, the benefits of redemption gates once fire sales arise

are too small to outweigh their negative impact on ex-ante liquidity supply, leading to a

decrease in social welfare.

Related literature. This paper is related to a rich literature analyzing liquidity

provision in financial markets and and the link with asset prices. Following Allen and

Gale (2004, 2005), a number of papers have analyzed how cash-in-the-market pricing af-

fects financial institutions’ liquidity decisions and the possibility of central bank or public

intervention. Papers in this tradition include Allen, Carletti and Gale (2009), Freixas,

Martin and Skeie (2011), and Gale and Yorulmazer (2013). Studies of the strategic motive

for holding liquid assets focus on the ability to take advantage of profitable opportunities,
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such as purchasing undervalued assets in fire sales, include Acharya, Shin and Yorulmazer

(2013), Gale and Yorulmazer (2013) and Gorton and Huang (2004). Acharya, Shin and

Yorulmazer (2011) show that the expectation of fire sales may lead to excessive liquid-

ity hoarding from a welfare perspective and focus on the interaction between regulatory

interventions and ex ante liquidity choices. The strategic motive for liquidity hording

is closely related to the idea that arbitrageurs wanting to buy assets at steep discounts

may also face financing frictions due to principal-agent problems. The resulting “limits of

arbitrage” can entrench fire-sale prices for a period of time once they materialize (Shleifer

and Vishny, 1997). Mitchell, Pedersen and Pulvino (2007) provide compelling episodic

evidence for the fact that capital appears to be “slow moving” when it enters markets

affected by fire-sale discounts in prices.

Other papers show that liquidity hoarding may be a response to an exogenous increase

in counterparty risk (Heider, Hoerova and Holthausen, 2015). The interplay between en-

dogenous liquidity choices and private information is analyzed in several papers. Bolton,

Santos and Scheinkman (2011) analyze a model in which individual agents’ decisions

upon arrival of an adverse shock determine the timing of asset sales. Immediate asset

sales increase the returns to holding cash and may induce excessive ex ante cash hoarding.

Malherbe (2014) shows how in the absence of cash-in-the-market pricing initial liquidity

choices impose a negative externality on future liquidity by exacerbating adverse selec-

tion problems. Ahn et al. (2018) consider a setup where information on traded assets is

symmetric, and relate socially excessive liquidity to the dispersion of traded assets. Ineffi-

ciencies in models with cash-in-the-market pricing are caused by pecuniary externalities,

which are analyzed by Dávila and Korinek (2017).

The paper is also related to the literature studying the potential of non-banking insti-

tutions such as mutual funds to destabilize markets. A particular strand of this literature

has illustrated the possibility that mutual funds investing in illiquid securities may be

vulnerable to simultaneous investor outflows because the liquidity mismatch between the

funds’ investments and the liquidity offered to its investors leads to predictable declines

in share prices following redemptions, thereby generating a first-mover advantage (Gold-

stein, Jiang and Ng (2017), Chen, Goldstein and Jiang (2010), and Jin et al. (2020)).
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This mechanism has figured prominently in the policy debates (see ECB (2019) and BoE

(2019)). A related literature discusses common tools utilized by mutual funds to manage

redemption risk during market stress, including cash buffers and redemption fees. Morris,

Shim and Shin (2017) focus on liquidity management by asset managers and argue that

funds sell more assets than required to cover outflows, suggesting a cash hoarding chan-

nel. Chernenko and Sunderam (2020) analyze the cash-cushioning approach and conclude

that funds’ cash holdings are not sufficiently large to eliminate fire sales. One theoretical

explanation behind this finding is Zeng (2017) who argues that cash management cannot

prevent runs; instead, cash usage can actually exacerbate runs on open-ended funds be-

cause re-building cash buffers requires predictable sales of illiquid assets, which lead to

declines in share prices. Li et al. (2020) find evidence that redemption gates and liquidity

fees may have exacerbated the run on prime Money Market Funds during the Covid-19

crisis. Cutura, Parise and Schrimpf (2020) document that under-performing corporate

bond funds tilt their portfolios towards more liquid, lower yield securities, which success-

fully mitigates investor outflows.

Structure of the paper. Section 2 presents the baseline model of asset trading with

fire sales and endogenous liquidity provision. Section 3 studies the equilibrium in a laissez-

faire economy in which assets are traded on a competitive market. Section 4 presents

the first and second best benchmarks and compares them to the competitive equilibrium.

Section 5 embeds the baseline model into the context of the mutual fund industry and

solves for the competitive equilibrium, including the optimal mutual fund contract. The

potential for regulatory interventions in the mutual fund industry is discussed in Section

6 before Section 7 concludes. Appendices A and B respectively derive the equilibrium

with liquidity requirements and redemption gates.

2 Model

Consider an economy with three dates indexed by t ∈ {0, 1, 2}. There is a single, ho-

mogeneous consumption good which serves as the numéraire. There are two classes of

risk-neutral agents: investors and liquidity providers. All agents consume only at the

final date and do not discount their future consumption.
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Investors. There is a continuum of investors with measure one. At date 0 each

investor is endowed with one unit of a divisible risky long-term asset with payoff at date

2 given by

ỹ =

0 with probability 1− π

y with probability π

(1)

where y > 0. The success probability π is an aggregate asset quality shock that is observed

at date 1. From the perspective of date 0 the shock has a cumulative distribution function

H(π).

After the realization of the asset quality shock each investor gains access to a short-

term investment project that transforms k units of the consumption good at date 1 into

f(k) units of the consumption good at date 2. The production function f(k) is increasing

and concave, and satisfies f ′(0) =∞ and kf ′′(k) + f ′(k) > 0.

Since the risky asset does not generate any payoff at date 1, investors raise funds

to invest in the short-term project by selling some of their risky asset in a competitive

market. Let p denote the price of one unit of the risky asset at date 1 (which will be a

function of the realization of the aggregate shock π). Selling q units of the risky asset

yields pq units of the consumption good at date 1 to invest in the short-term project.

The representative investor chooses her supply of the risky asset to maximize her

consumption at date 2, that is

max
q∈[0,1]

{f (pq) + (1− q) πy} . (2)

The first-order condition that characterizes an interior solution to this problem equates

the marginal expected return of the long-term asset with the marginal return from in-

vesting the liquid funds raised through asset sales in the short-term project, that is

pf ′(pqS) = πy. (3)

Whenever there is an interior solution, differentiating the first-order condition (3) yields

dqS

dp
= −pq

Sf ′′(pqS) + f ′(pqS)

p2f ′′(pqS)
> 0,
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due to the assumptions f ′′(k) < 0 and kf ′′(k) + f ′(k) > 0. However, when the price p of

the risky asset is sufficiently large there may be a corner solution, in which the investor

sells her entire holding of the risky asset. This will be the case whenever pf ′(p) ≥ πy.

Let p̂ denote the price at which this holds with equality, such that investors sell all of

their risky asset holdings if the price satisfies p ≥ p̂. Let qS(p; π) denote the solution to

the investor’s problem.

I can illustrate these results with a simple parametric example, which will be used

in the numerical analysis below. In particular, suppose that f(k) = 2
√
k. Then, it is

immediate to show that

qS(p; π) = min
{
p(πy)−2, 1

}
and p̂ = (πy)2.

Liquidity providers. There is a continuum of liquidity providers (LPs) with measure

one. At date 0 each liquidity provider is endowed with w units of the consumption good

and has access to two investment opportunities: first, a long-term investment project that

transforms k units of the consumption good at date 0 into g(k) units of the consumption

good at date 2. The production function g(k) is increasing and concave, and satisfies

g′(0) = ∞. Additionally, liquidity providers can invest in a divisible, short-term liquid

asset with a safe gross return of one between dates 0 and 1 as well as between dates 1

and 2. At date 0 each liquidity provider chooses a portfolio consisting of m units of the

liquid asset and an investment of w−m units of the consumption good in the long-term

project. At date 1, after the realization of the asset quality shock, liquidity providers can

invest up to m units of the liquid asset to purchase qD units of investors’ risky asset with

an expected value of πy at the unit price p.

At date 1 the representative liquidity provider chooses her demand for the risky asset

to maximize her consumption at date 2, that is

max
qD>0

{
g (w −m) +m+ qD [πy − p]

}
subject to the resource constraint

qD ≤ m

p
. (4)
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The resource constraint states that risky asset purchases can be financed only with the

liquid asset on the liquidity provider’s portfolio. This restriction is akin to a liquid

assets-in-advance constraint as highlighted by Gorton and Huang (2004) and crucial to

generating some of the inefficiencies which will be discussed later on.

Since the objective function is linear in qD, it is immediate to describe the optimal

demand. When the risky asset trades at its expected (fundamental) value, liquidity

providers generate no surplus purchasing it and are thus indifferent between holding on

to their liquid asset or trading with investors. Instead, when the risky asset trades at a

fire sale discount, purchasing it becomes profitable and liquidity providers completely ex-

haust their liquid reserves. Let qD(p; π,m) denote the solution to the liquidity provider’s

problem at date 1, where

qD(p; π,m) =


0 if p > πy

∈ [0, m
p

] if p = πy

m
p

if p < πy

. (5)

Anticipating their demand for the risky asset and the resulting need for liquidity at

date 1, liquidity providers choose their portfolio at date 0. The portfolio is designed to

maximize their expected consumption at date 2, which consist of the long-term project’s

payoff and the return of holding the liquid asset, which may be used to purchase some of

the risky asset at the interim date or be kept until the final date.

The representative liquidity provider chooses her investment in the liquid asset to

maximize her consumption at date 2, that is

max
m∈[0,w]

{
g (w −m) +m+ E

[
qD(p; π,m) (πy − p)

]}
(6)

where qD(p; π,m) denotes her demand for the risky asset at date 1 described by equation

(5). Note that in equilibrium the price of the risky asset p varies with the realization of

the asset quality shock π and is therefore inside the expectation operator.

Timeline. Table 1 summarizes the timing of the model: at date 0 liquidity providers
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invest their endowment in the long-term project and in the liquid asset. At the beginning

of date 1 all agents publicly observe the risky asset’s quality π. Subsequently, investors

decide how many units of the risky asset to sell in order to invest in the short-term project

f . Liquidity providers choose how many units of the risky asset to purchase given their

available liquid funds. The equilibrium price of the risky asset is determined. At the final

date all uncertainty is revealed, final payoffs take place and all agents consume.

t = 0 t = 1 t = 2
• Asset quality π publicly revealed • Final payoffs

• LPs invest
endowment w

- (w −m) in
project g
- m in cash

• Investors raise funds to invest
in project f by selling qS risky assets

• LPs buy qD assets using cash
• Equilibrium price p determined

Table 1: The sequence of events

3 Competitive equilibrium

This section analyzes the (symmetric) equilibrium in a laissez-faire economy in which

investors raise funds to invest in the interim project by selling some of the risky asset to

liquidity providers. The equilibrium analysis proceeds in a backwards fashion, starting

with the market for the risky asset at date 1 before analyzing the liquidity provision

decision at date 0. All actions taken at date 1, the supply and demand for the risky asset

as well as the market clearing price, are functions of the realized asset quality shock π.

3.1 Asset market clearing

Trading on the market for the risky asset takes place after all agents commonly observe

the realization π of the asset quality shock. Each liquidity provider has a predetermined

amount of the liquid asset m in their portfolio which can be used for risky asset purchases.

Let M denote the aggregate amount of the liquid asset in the hands of liquidity providers,

which will subsequently be referred to as market liquidity. This section highlights that

the realized asset quality and market liquidity jointly determine the equilibrium in the
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market for risky assets.

The equilibrium in the asset market is determined by the intersection between supply

and demand for the risky asset. Investors’ supply curve (3) consists of an upward sloping

and a vertical part, since a sufficiently high price leads them to sell all of their risky

asset holdings. Liquidity providers’ demand curve (5) has a horizontal and a downward

sloping part: they are indifferent between purchasing the asset or not if it trades at its

fundamental price but purchase as much of it as they can afford at fire sale discounts.

Since the supply and demand curves consist of two parts each, there are four possible

intersection configurations. Figure 1 depicts supply and demand for the risky asset and

illustrates the candidate equilibria in the asset market. I now analyze each intersection

and derive the conditions under which the respective equilibrium obtains.

p

q0

qD(p; π,Mh)

qD(p; π,M l)

qS(p; π)

A

Bπy

(f ′)−1(1)
πy

p̂

1

πy

f ′(M l)

M lf ′(M l)
πy

(a) Case 1: p̂ > πy

p

q0

qD(p; π,Mh)

qD(p; π,M l)

qS(p; π)

D

C
πy

1

p̂

M l

(b) Case 2: p̂ < πy

Figure 1: Demand and supply for the risky asset at date 1

This figure depicts investors’ supply of the risky asset, qS, and liquidity providers’ de-

mand, qD, for different levels of market liquidity M s, s = {h, l} with Mh > M l. Panel

a depicts a case where the lowest price at which investors are willing to sell all of the

risky asset is above the price at which liquidity providers would buy it (p̂ > πy). Panel

b instead depicts the case where investors’ may sell all of their risky asset holdings in

equilibrium.

First, suppose that the equilibrium is located on the upward sloping part of the

supply curve and the decreasing part of the demand curve (Point A in Figure 1(a)).

The downward sloping demand curve implies that liquidity providers’ resource constraint
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binds (pq = M), which can be plugged into investors’ first order condition (3) to obtain

the market clearing price and quantity of the asset:

p∗(π;M) =
πy

f ′ (M)
and q∗(π;M) =

Mf ′ (M)

πy
. (7)

In the parametric example with f ′(k) = 1/
√
k I obtain p∗(π;M) =

√
Mπy and q∗(π;M) =

√
M(πy)−1. It remains to verify if the price and quantity are consistent with the initial

assumption that the supply curve is increasing at this price and the demand curve de-

creasing. Investors supply of the risky asset is increasing in the price as long as the price

does not exceed the threshold p̂ at which they choose to sell all of their unit endowment

of the risky asset. Therefore the candidate equilibrium is indeed on the increasing part

of the supply curve if q∗(π;M) < 1. Replacing q∗(π;M) from above and rearranging

yields the condition Mf ′(M) < πy. Lastly, it must be the case that liquidity providers’

demand is downward sloping at the price p∗(π;M). This is the case if the price is below

the asset’s fundamental value so that liquidity providers’ exhaust their liquid reserves

for asset purchases. This leads to the second condition for this candidate equilibrium,

p∗(π;M) < πy. After replacing p∗(π;M) this condition reduces to 1 < f ′(M).1 Summa-

rizing, the equilibrium configuration illustrated in Point A obtains if

Mf ′(M) < πy and 1 < f ′(M).

For the second candidate equilibrium assume that investors’ upward sloping supply

curve intersects the horizontal part of the demand curve (Point B in Figure 1(a)). The

assumption that the demand curve is flat implies that the risky asset trades at its funda-

mental value. Plugging this price into investors’ optimality condition (3) and inverting

yields

p∗(π;M) = πy and q∗(π;M) =
(f ′)−1(1)

πy
. (8)

In the parametric example with (f ′)−1(1) = 1 I obtain q∗(π;M) = (πy)−1. To verify that

this candidate equilibrium is consistent with the initial assumptions, it must be located

on the increasing part of the supply curve and the flat part of the demand curve. As

discussed above, investors’ supply is increasing if they do not sell all of their unit holdings

1Note that the fire sale discount in this candidate equilibrium is increasing in the scarcity of market
liquidity. This is the cash-in-the-market pricing effect described by Allen and Gale (1994).
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of the risky asset in equilibrium i.e. if q∗(π;M) < 1. Replacing from equation (8) yields

f ′(πy) < 1. Lastly, for liquidity providers’ demand to be flat they must have sufficient

liquid funds to purchase the risky asset at its fundamental price, which is the case if their

resource constraint pq < M is satisfied. Replacing the equilibrium price and quantity

from above and rearranging yields: f ′(M) < 1. Hence the two conditions under which

this candidate equilibrium obtains are

f ′(πy) < 1 and f ′(M) < 1.

The last two candidate equilibria are located on the vertical part the supply curve,

i.e. the equilibrium price must be such that investors choose to sell all of their risky asset.

First, suppose that investors’ vertical supply intersects the horizontal part of the demand

curve (Point C in Figure 1(b)). In this case it is immediate to obtain

p∗(π;M) = πy and q∗(π;M) = 1. (9)

This equilibrium price is consistent with the assumption of being on the vertical part of

the supply curve if the price is sufficiently high to induce investors to sell all of their risky

asset holdings. This is the case if pf ′(p) > πy, which after replacing p = p∗(π;M) and

rearranging yields f ′(πy) > 1 Lastly, the price is also consistent with liquidity providers’

demand being flat if they have sufficient funds to purchase the asset at its fundamental

price, i.e. if their resource constraint pq < M is satisfied. After replacing the equilibrium

price and quantity from above, this condition yields πy < M . The two conditions under

which this candidate equilibrium obtains are thus

f ′(πy) > 1 and πy < M.

For the last candidate equilibrium, suppose that the intersection is on the downward

sloping part of the demand curve (Point D in Figure 1(b)) such that I obtain

p∗(π;M) = M and q∗(π;M) = 1. (10)

This candidate equilibrium is consistent with the initial assumptions if investors choose

to sell all of their risky asset at this price, which is the case if pf ′(p) > πy. Replacing
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the equilibrium price and simplifying yields the condition Mf ′(M) > πy. Lastly, to be

consistent with the initial assumptions liquidity providers must use all of their liquid

reserves for asset purchases at the equilibrium price. This is the case if the price is below

the asset’s fundamental value, i.e. if p∗(π;M) < πy, which reduces to M < πy. In

summary, this candidate equilibrium obtains if

Mf ′(M) > πy and M < πy.

This discussion highlighted that the realized asset quality shock and market liquidity

jointly determine which of the four possible configurations of equilibrium obtains in the

asset market at date 1. In particular, there are two thresholds that are useful in char-

acterizing the equilibrium regions: first, a threshold on market liquidity M̂ , implicitly

defined by the equation f ′(M̂) = 1, such that the risky asset trades at its fundamental

price regardless of the realized asset quality shock if M > M̂ . Hence fire sales may only

occur if market liquidity is scarce. Similarly, there is a threshold on the asset quality

shock π̂, implicitly defined by the equation f ′(π̂y) = 1, such that investors keep some

of their risky asset holdings regardless of market liquidity if π > π̂. In the parametric

example with f ′(k) = 1/
√
k the thresholds are M̂ = 1 and π̂ = 1/y. Notice that there

is a unique asset market equilibrium corresponding to each combination of asset quality

shock and market liquidity.

With the definition of these two thresholds I can now discuss the illustration of the

equilibrium regions across the (M,π)-plane in Figure 2. There are four separate regions

labeled A-D, each corresponding to one possible configuration of equilibrium, labeled as

Point A-D, in Figure 1. In Region A the risky asset trades at a fire sale discount and

liquidity providers purchase only a fraction of investors’ risky asset holdings. This equi-

librium obtains if market liquidity is scarce (M < M̂) and the asset quality is sufficiently

high: πy > Mf ′(M). In region B risky assets are valued at their fundamental price

and investors’ sell only a fraction of their asset holdings. This candidate equilibrium is

characterized by ample market liquidity (M > M̂) and a high asset quality (π > π̂). In

Region C investors sell all of their risky asset holdings at the fundamental price. For

this candidate equilibrium to obtain the realized asset quality must be sufficiently low

to satisfy both π < π̂ and πy < M . Finally, In Region D investors sell all of their risky
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asset holdings in fire sales. This occurs if asset quality and market liquidity are low and

satisfy both πy < Mf ′(M) and πy > M .

π

0 MM̂

π̂

C

B

A

D

Figure 2: Characterization of the equilibrium in the asset market

This figure illustrates how market liquidity M and the asset quality shock π determine the

equilibrium in the risky asset market at date 1. Each region corresponds to an equilibrium

configuration highlighted in Figure 1.

Proposition 1 formally describes the equilibrium price and quantity of the risky asset

traded as a function of its quality and market liquidity.

Proposition 1 (Asset Market Clearing): The price and quantity of the risky asset at

date 1 is uniquely determined by the realized asset quality π and the liquidity available in

the market M .
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If M > M̂ then

p∗(π;M) = πy and q∗(π;M) =

1 if f ′(πy) ≥ 1

(f ′)−1(1)
πy

if f ′(πy) < 1

.

If M ≤ M̂ then

p∗(π;M) =


πy

f ′(M)
if πy > Mf ′(M)

M if πy ∈ [M,Mf ′(M)]

πy if πy < M

and q∗(π;M) =


Mf ′(M)

πy
if πy > Mf ′(M)

1 if πy ≤Mf ′(M)

This Proposition highlights that fire sales only occur if market liquidity is scarce, i.e.

if M ≤ M̂ . This insight is crucial for liquidity providers’ ex-ante decision of how much

liquid assets to hold, as I discuss in the following section.

Moreover, Figure 2 suggests the following comparative statics of the equilibrium price

and quantity of the risky asset: keeping market liquidity fixed, the traded quantity of

the risky asset decreases in the asset’s quality. To see this more clearly, recall that if

M < M̂ investors sell all of their risky asset holdings if πy < Mf ′(M) (Regions C

and D). For higher realizations of the asset quality shock (Region A), investors sell only

f ′(M)M/(πy) < 1 units of their risky asset. Similarly, if M ≥ M̂ investors sell all of

their risky asset holdings if π < π̂ while they sell only a fraction of their asset holdings if

π ≥ π̂. Conversely, for a fixed asset quality, a ceteris paribus increase in market liquidity

moves the economy closer to an equilibrium without fire sales. This is because for π ≥ π̂

fire sales obtain if M < M̂ (Region A) while fundamental pricing obtains if M ≥ M̂

(Region B). Similarly, if π < π̂ fire sales obtain if πy > M (Regions A and B) while if

πy ≤M (Region C) fundamental pricing occurs.

3.2 Ex-ante liquidity supply

This section analyzes liquidity providers’ portfolio choice at date 0, which determines

the aggregate market liquidity M at date 1. The first order condition associated with

liquidity providers’ optimization problem (6), which characterizes the (privately) optimal
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choice of liquidity, can be stated as

g′ (w −m∗) = 1 +
∂ E
[
qD(p∗(π,M);π,m) (πy − p∗(π,M))

]
∂m

, (11)

where p∗(π;M) denotes the equilibrium price of the risky asset described in Proposition 1

and qD(p∗(π;M); π,m) reflects liquidity providers’ demand (5) evaluated at p = p∗(π;M).

The optimal supply of liquidity balances the foregone marginal return of investing in the

long-term project with the marginal (private) value of holding the liquid asset. As shown

below, the marginal value of liquidity consists of the unit return of the liquid asset and

an excess return when using liquidity to purchase the risky asset at fire sale discounts.

Notice that liquidity providers will always choose a m∗ < w due to the assumption that

g′(0) =∞.

In order to derive the expected marginal value of liquidity, I begin by defining liquidity

providers’ (expected) payoff from holding the liquid asset at the start of date 1 conditional

on the realized π:

νp(π;m,M) ≡ m+ qD(p∗(π;M);π,m) [πy − p∗(π;M)] , (12)

Notice that the (expected) profit from using the liquid asset for risky asset purchases, the

second term in (12), is positive only if fire sales occur. Whether the risky asset trades

at fire sale prices is independent of the investment in liquid assets m when viewed from

a price-taking liquidity provider’s perspective. In equilibrium, however, the risky asset’s

price p∗(π;M) depends on the aggregate market liquidity M . Hence, liquidity providers’

equilibrium choice of liquid asset holdings is given by a fixed point m(M) = M .

Utilizing the definition of νp(π;m,M) in (12) I can now define the expected marginal

private value of liquidity at date 0, which consists of the liquid asset’s unit return and

the expected marginal payoff from risky asset purchases:

νp0(M) ≡ E
[
∂νp(π;m,M)

∂m

]
(13)

I begin by computing liquidity providers’ marginal private value of holding the liquid
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asset in each of the four possible configurations of equilibrium in the risky asset market

at date 1. Subsequently I derive the expected marginal private value from investing in

the liquid asset at date 0 by forming expectations over the marginal private value in each

candidate equilibrium at date 1.

Liquidity providers’ marginal private value of liquidity at date 1 is computed by

utilizing the equilibrium price of the risky asset derived in Proposition 1 and liquidity

providers’ demand for the asset (5). If the asset market is liquid (M > M̂), the risky

asset trades at its fundamental value and liquidity providers do not capture any surplus

from purchasing it. Consequently, the marginal private benefit of liquidity is given by

the liquid asset’s unit return, regardless of the realized asset quality:

∂νp(π;m,M)

∂m
= 1.

From an ex post standpoint, liquidity providers carry excess liquidity if the marginal

return of their long-term project is above one, so that they incur losses from forgone

long-term investment.

If market liquidity is scarce (M ≤ M̂), the asset quality shock determines whether the

risky asset trades at fire sale discounts or at its fundamental value. For low realizations

of asset quality (πy < M), the risky asset trades at its fundamental value and the

liquid asset earns only the unit return. Higher realizations of the asset quality shock

lead to fire sales, in which case liquidity providers earn excess returns on their liquid

asset holdings. Consequently, they use all their available funds for risky asset purchases,

qD(p∗(π;M);π,m) = m/p∗(π;M), which after replacing it in the definition of νp(π;m,M)

in (12) allows to express their (expected) payoff from holding the liquid asset at the start

of date 1 conditional on the realized π as

νp(π;m,M) = m

(
πy

p∗(π;M)

)

If the realized asset quality is intermediate (πy ∈ [M,Mf ′ (M)]), liquidity providers

purchase all of the risky asset at a fire sale price that is solely determined by the available

liquidity in the asset market (p∗(π;M) = M). Liquidity providers’ marginal value from
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liquidity in this case is

∂νp(π;m,M)

∂m
=
πy

M
. (14)

Consequently, the private value of liquidity is increasing in asset quality and the scarcity of

market liquidity. If the realized asset quality is sufficiently high (πy > Mf ′(M)) liquidity

providers purchase a fraction of the risky asset in fire sales (p∗(π;M) = πy/f ′(M)),

yielding a marginal private value from liquidity of

∂νp(π;m,M)

∂m
= f ′(M). (15)

Summarizing this discussion, Figure 3 illustrates how liquidity providers’ marginal pri-

vate value from holding the liquid asset at date 1 varies with the asset quality shock π

and market liquidity M .

0 M
y

Mf ′(M)
y

1

1

f ′(M)
M < M̂

M > M̂

π

Figure 3: Liquidity providers’ marginal private value of liquidity

This figure illustrates how liquidity providers’ marginal private value from the liquid asset

at date 1 varies with the realized asset quality π. The figure contrasts this benefit when

the asset market is illiquid (solid line) and liquid (dashed line).

The expected marginal private value of liquidity at date 0 is then determined by form-

ing expectations about the marginal private value in each of the possible configurations
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of equilibrium at date 1. Formally, the expected marginal value of liquidity at date 0 is

νp0(M) = 1 + 1{M≤M̂}

[ Mf ′(M)/y∫
M/y

(πy
M
− 1
)
dH (π)

︸ ︷︷ ︸
Eq. region D

+

1∫
Mf ′(M)/y

(f ′(M)− 1) dH (π)

︸ ︷︷ ︸
Eq. region A

]

where 1 denotes the indicator function.

Proposition 2 summarizes liquidity providers’ optimal investment in the liquid asset

at date 0 and the aggregate level of liquidity in equilibrium.

Proposition 2 (Liquidity Supply): The marginal value of holding the liquid asset at the

beginning of date 1 varies with the realized asset quality shock π and market liquidity M :

If M > M̂ the risky asset trades at its fundamental value, yielding

∂νp(π;m,M)

∂m
= 1.

If M < M̂ fire sales may occur, implying potential excess returns from holding liquidity:

∂νp(π;m,M)

∂m
=


f ′(M) if πy > Mf ′ (M)

πy
M

if πy ∈ [M,Mf ′ (M)]

1 if πy < M

. (16)

The investment in the liquid asset at date 0 in the competitive equilibrium must satisfy

the first order condition

g′ (w −m∗) = νp0(M), (17)

which implicitly defines a value of m∗ for each M , say m(M). In equilibrium the aggregate

level of liquidity M∗ is the unique fixed-point of m (M∗) = M∗.

To illustrate liquidity providers’ problem at date 0, I continue the parametric exam-

ple with the assumptions g(k) = 2
√
k and π̃ ∼ U [0, 1]. Figure 4 shows that liquidity

providers’ individual choice of liquidity m∗ is a (weakly) declining function of aggregate

liquidity M . The intuition for this is that if aggregate liquidity is low, then the deviation

of prices from the fundamental value is high, creating a motive to hold liquidity to acquire
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the risky asset at fire sale discounts. Conversely, if aggregate liquidity is high, then the

expected gain from risky asset purchases is low and incentives to carry the liquid asset

are low as well. In the extreme, when the asset market is liquid (M > M̂), fundamental

prices obtain for any realization of asset quality, implying that liquidity providers cannot

earn excess returns from holding liquidity.

0 M∗
M̂

M

m(M)

Figure 4: Fixed point in liquidity provision

This figure illustrates how liquidity providers’ optimal choice of liquidity m at date 0

varies with the aggregate liquidity M . The dashed diagonal line depicts the 45-degree

line. The equilibrium level of liquidity is characterized by the intersection of the 45-degree

line and m(M).

In equilibrium, liquidity providers’ investment in the liquid asset at date 0 is a function

of their endowment w since it limits the size of their portfolio. Therefore I can define a

threshold ŵ, such that the resulting market liquidity given this level of initial wealth is

exactly M̂ : M∗(ŵ) = M̂ . This implies that for any w < ŵ market liquidity in equilibrium

is scarce (M∗ < M̂). Figure 5 illustrates this threshold and shows that in equilibrium

liquidity is a strictly increasing function of liquidity providers’ endowment w.

4 Efficiency analysis

This section characterizes the efficient and constrained-efficient allocations as the solution

to a social planner’s problem. The resulting allocations serve as the benchmark for the
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0.4

M̂

w

M∗

Figure 5: Equilibrium liquidity supply

This figure illustrates how liquidity in equilibrium M∗ varies with liquidity providers’

endowment w.

welfare analysis of the competitive equilibrium. The welfare function is defined as the

expected unweighted sum of consumption across all agents at date 2. The notation of the

competitive equilibrium analysis remains unchanged: M denotes the units of the econ-

omy’s endowment w that is invested in the liquid asset at date 0, so that the investment

in the long-term project g is given by w −M . The investment in the short-term project

f at date 1 is denoted by I(π), which may vary with the aggregate asset quality shock.

The amount of the liquid asset carried from date 1 to date 2 is given by M − I(π). Then

the welfare function can be written as

Π(M, I(π)) = g(w −M) +M + E[πy + f(I(π))− I(π)]. (18)

4.1 First best

The first best allocation is defined as the solution to a social planner’s problem who

can freely allocate the economy’s endowment across the short- and long-term investment

projects and the liquid asset in order to maximize social welfare. The planner faces only

resource constraints when deciding how to invest the endowment w.

The first best allocation is a pair of investment decisions (M, I(π)) that maximizes
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social welfare (18) subject to the resource constraint at date 0

M ≤ w, (19)

the resource constraint at date 1

I(π) ≤M (20)

and the feasibility constraints

M, I(π) ≥ 0. (21)

The resource constraint at date 0 ensures that the ex-ante investment in the liquid asset

does not exceed the economy’s endowment. The resource constraint at date 1 states

that the interim investment in the short-term project f can only be funded with the

available liquid asset. The feasibility constraints highlight that short-selling the liquid

asset is not permitted. The planner’s choice variables are denoted by upper-case letters

to reflect the fact that she is choosing aggregate quantities. Note that the economy’s

endowment of the risky asset plays no role in the planner’s allocation problem. The risky

asset is in fixed unit supply at date 0 and generates no payoffs before it matures at date

2. Therefore the planner’s allocation problem is not affected by the asset quality shock

and we simply write I(π) = I to denote the investment in the short-term project at date 1.

The first order conditions associated with the planner’s problem characterize the in-

terior solution, which equates the marginal returns from the long- and short-term project

with the unit return of the liquid asset:

∂Π(M, I)

∂M
=− g′ (w −M) + 1 = 0

∂Π(M, I)

∂I
=f ′ (I)− 1 = 0

Whenever we have an interior solution, the first best allocation is given by the solution to

these optimality conditions, which we denote by
(
M̄, Ī

)
. The interior solution obtains if

(M̄, Ī) satisfy the resource and feasibility constraints, which is the case whenever M̄ ≥ Ī.

This implies a threshold ŵ, implicitly defined by the equation

M̄(ŵ) = Ī ,
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such that the first best allocation is determined by the first order conditions if w ≥ ŵ. If

w < ŵ, there are not enough resources available to equalize the marginal returns of the

long- and short-term projects to the unit return of the liquid asset. Consequently, the

planner equalizes the marginal returns of the short- and long-term projects, which remain

above the liquid asset’s unit return. The planner invests just enough into the liquid asset

at date 0 to achieve this and does not carry any of the liquid asset after date 1.

Proposition 3 summarizes the first best allocation.

Proposition 3 (First Best): If w ≥ ŵ the first best levels of ex-ante liquidity provision

MFB and investment in the short-term project IFB (which does not depend on π) solve

f ′
(
IFB

)
= g′

(
w −MFB

)
= 1, (22)

and the amount of the liquid asset held until date 2 is given by MFB − IFB.

If w < ŵ the planner sets MFB = IFB to solve

g′
(
w −MFB

)
= f ′

(
MFB

)
> 1 (23)

and carries none of the liquid asset until date 2.

In our parametric example it is straightforward to show that the threshold on the

economy’s endowment is ŵ = 2. If w ≥ 2 the first best allocation is given by MFB = w−1

and IFB = 1. If w < 2, the first best allocation is MFB = IFB = w/2.

4.2 Second best

This section analyzes a version of the social planner’s problem in the spirit of Stiglitz

(1982), in which the planner can only determine the investment in the liquid asset at date

0. The constrained planner’s choice at date 0 is subject to the same constraints as liquidity

providers and she leaves all decisions at date 1 to private agents, respecting that the price

of the risky asset is market-determined as described in Section 3. However, in contrast to

infinitesimal liquidity providers in the competitive equilibrium, the constrained planner

internalizes the effect of the initial liquidity choice on the equilibrium in the asset market.

In particular, the planner anticipates that the investment in the short-term technology
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at date 1 is determined by how many units of the consumption good investors raise by

selling the risky asset:

I(π;M) = p∗(π;M)q∗(π;M),

where p∗(π;M) and q∗(π;M) denote, respectively, the equilibrium price and quantity of

risky assets in the competitive equilibrium described in Proposition 1.

The constrained planner’s investment in the liquid asset M at date 0 maximizes social

welfare at date 2, that is

max
M∈[0,w]

{g (w −M) +M + E [π̃y + f (p∗(π;M)q∗(π;M))− p∗(π;M)q∗(π;M)]} .

Analogous to Section 3, the social planner’s (expected) payoff from holding the liquid

asset at the start of date 1, conditional on the realized π, is

νs(π;M) = M + f (p∗(π;M)q∗(π;M))− p∗(π;M)q∗(π;M). (24)

The expected marginal social value of liquidity at date 0 is thus

νs0(M) = E
[
∂νp(π;M)

∂M

]
, (25)

and the interior solution to the constrained planner’s problem is characterized by the first

order condition

g′(w −M) = νs0(M). (26)

The constrained planner invests in the liquid asset until the marginal cost of this invest-

ment, the foregone marginal return of the long-term project, equals its marginal value.

The marginal social value of liquidity consists of the liquid asset’s unit return and the

potential of increasing the investment in the short-term project f .

Utilizing the equilibrium price and quantity of the risky asset allows to compute

νs(π;M). I begin by determining the marginal social value of liquidity in each of the

four possible equilibrium configurations in the asset market at date 1. Subsequently, the

expected marginal social value of investing in the liquid asset at date 0 is given by forming
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expectations over the marginal value in the candidate equilibria. If the asset market is

liquid (M > M̂), the risky asset trades at its fundamental price and the planner’s choice

of liquidity has no marginal impact on the investment in the short-term project. Conse-

quently, the marginal social value of liquidity is given by the liquid asset’s unit return:

∂νs(π;M)/∂M = 1.

Instead, if M < M̂ liquidity in the asset market is scarce and fire sales may occur.

For low realizations of the asset quality shock (πy < M) investors sell all of their risky

asset holdings at the fundamental price, thereby raising p∗(π;M)q∗(π;M) = πy units of

the consumption good. In this situation a marginal increase in available liquid funds has

no impact on the investment in the short-term project: ∂νs(π;M)/∂M = 1.

However, if the asset quality shock is sufficiently high (πy > M), fire sales occur

and the investment in the interim technology is solely determined by market liquidity:

p∗(π;M)q∗(π;M) = M . Consequently, a marginal increase in available liquid funds

expands the productive investment in the short-term project and liquid funds earn a

premium
∂νs(π;M)

∂M
= f ′(M) > 1.

Proposition 4 summarizes how the marginal social value of holding the liquid asset

at date 1 varies with the aggregate state of the economy. Figure 6 provides a graphical

illustration of the result.

Proposition 4 (Social Value of Liquidity): The marginal social value of holding the

liquid asset at the beginning of date 1 varies with the realized asset quality shock and

market liquidity:

If M ≥ M̂ the risky asset trades at its fundamental value, yielding ∂νs(π;M)/∂M = 1.

If M < M̂ fire sales may occur, implying potential excess returns from holding liquidity:

∂νs(π;M)

∂M
=

f
′(M) if πy ≥M

1 if πy < M

.

The results in this Proposition indicate that the marginal social value of liquidity

may deviate from its private value to liquidity providers. The following section explores
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the implications of the difference between the marginal valuations of liquidity for social

welfare.

0 M
y

1

1

f ′(M)

M < M̂

M > M̂

π

Figure 6: Marginal social value of holding the liquid asset at date 1

This figure illustrates how the constrained planner’s marginal social value from the liquid

asset νs(π;M) varies with the realized asset quality π at date 1. The figure contrasts this

value when the asset market is illiquid (solid line) and liquid (dashed line).

4.3 Inefficient liquidity supply

This section compares the provision of liquidity in the competitive equilibrium to the first

and second best benchmarks. Proposition 5 summarizes the key result of this section.

Proposition 5 (Efficiency of Liquidity Supply): Whether liquidity supply in the com-

petitive equilibrium is (constrained) efficient depends on the relative scarcity of liquidity

providers’ endowment w.

If w < ŵ,

MCE < MSB < MFB

where MCE,MSB, and MFB denote, respectively, the supply of liquidity in the competitive

equilibrium and the second- and first best benchmarks.

If w ≥ ŵ,

MCE = MSB = MFB.
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Proof. The proof of Proposition 5 proceeds in two steps. In the first step I show that

if w ≥ ŵ, liquidity provision in the competitive equilibrium coincides with the first- and

second best benchmarks. The second step of the proof shows that if w < ŵ, liquidity

provision in the competitive equilibrium is below the constrained efficient benchmark,

which in turn is below the first best.

Step 1: Efficient liquidity provision for w ≥ ŵ. Assume that the asset market is

liquid (M > M̂), such that the risky asset trades at its fundamental value, regardless

of the realized asset quality shock. Then the first order conditions determining liquidity

provision M in the competitive equilibrium (17) and the second best (26) reduce to

g′ (w −M∗) = 1,

which is identical to the optimality condition determining the first best level of liquidity

supply. The implied level of liquidity provision M = M∗ is consistent with the initial

assumption of a liquid asset market if M∗ ≥ M̂ . Solving for the explicit expressions of

M∗ and M̂ shows that the condition is equivalent to w ≥ ŵ. Hence if w ≥ ŵ liquid-

ity supply in the competitive equilibrium and second best attain the first best benchmark.

Step 2: Inefficient liquidity provision if w < ŵ. In order to show that liquidity supply

in the competitive equilibrium is below the constrained planner’s choice, it suffices to

compare the optimality condition of competitive liquidity providers (17) to the one of

the constrained planner (26). The opportunity cost of investing in the liquid asset, the

foregone return from the long-term project g, is the same for the constrained planner

and competitive liquidity providers. It follows that any differences in liquidity supply

arise due to differences in the marginal private and social value of liquidity, νp(π;M)

and νs(π;M) respectively. Comparing Figure 3 to Figure 6, it is immediate to show that

if the competitive equilibrium features MCE < M̂ , the difference between the marginal

social and private value of holding the liquid asset at date 1 is

∂νs(π;M)

∂M
− ∂νp(π;m,M)

∂m
=

f
′(M)− πy

M
if πy ∈ [M,Mf ′ (M)]

0 otherwise

.
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Hence the marginal social value of liquidity is weakly higher than its private value to

liquidity providers, and if the realized asset quality shock satisfies π ∈ [M/y,Mf ′(M)/y],

the social value of liquidity is strictly above its private value.

Lastly, recall that if w < ŵ, liquidity in the competitive equilibrium indeed satisfies

MCE < M̂ . It follows that liquidity provision by in the competitive equilibrium is below

the constrained efficient benchmark. �

Figure 7 illustrates the optimal liquidity provision in the first and second best as well

as in the competitive equilibrium as a function of the liquidity providers’ endowment w.

For any w < ŵ, the constrained planner’s liquidity choice is below the first best due to

the ex-ante uncertainty about the asset quality shock, which may restrict the scale of the

investment in the short-term project f by limiting how many units of the consumption

good investors can raise in the asset market. If the risky asset is of low quality, investors

sell all of their risky asset holdings but fail to raise sufficient funds to achieve the first

best investment in the short-term project.

In the competitive equilibrium, liquidity supply is even below the constrained efficient

benchmark. This is because liquidity providers private marginal value from holding the

liquid asset does not fully account for the welfare gains that liquid funds generate when

the investment in the short-term project at date 1 is limited by the available market

liquidity. The underprovision of liquidity by private agents is thus a result of liquidity’s

public good character as in Bhattacharya and Gale (2011).

5 Mutual funds, fire sales and liquidity supply

This section embeds the model of asset trading with endogenous liquidity supply into the

context of the mutual fund industry. Since many asset classes are not easily accessible

to retail investors, mutual funds act as financial intermediaries and invest in risky assets

on behalf of their investors. Investors in turn hold mutual fund shares which can be

redeemed at the interim and final date at their current share price. A contract signed

between investors and a mutual fund at the initial date determines how the share price

varies with the market value of the assets in the fund’s portfolio (which depends on the
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Figure 7: Inefficient liquidity provision in competitive equilibrium

This figure illustrates how the optimal liquidity supply in the first best (solid line), second

best (dashed), and competitive equilibrium (dotted) varies with the economy’s endow-

ment w.

aggregate state of the economy). Perfect competition in the mutual fund industry results

in contracts designed to maximize investors’ expected consumption. The key question is

how the share price reacts to potential fire sales in asset markets.

5.1 The model with mutual funds

Consider an economy with three dates indexed by t ∈ {0, 1, 2}. There is a single, ho-

mogeneous consumption good which serves as the numéraire. There are three classes of

risk-neutral agents in the economy: investors, liquidity providers and mutual funds.

Investors. There is a continuum of investors with measure one in each mutual fund.

At date 0 each investor receives a divisible unit amount of mutual fund shares, which can

be redeemed at date 1 and date 2. At the start of date 1 each investor gains access to

a short-term investment project that transforms k units of the consumption good into

f(k) units of the consumption good at date 2. The production function f(k) satisfies the

assumptions made in Section 2.

Investors raise funds to invest in the short-term project by redeeming some of their
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mutual fund shares. Let st denote the price of a share in the mutual fund at date t = 1, 2,

which will be a function of the price p of the risky asset at date 1. Redeeming x mutual

fund shares at the given share price s1 yields xs1 units of the consumption good at date 1

to invest in the short-term project. At the end of date 1 each investor is left with (1−x)

mutual fund shares with an expected share price of se2 ≡ E[s2].

Contingent on the realization of the asset quality shock π, the representative investor

chooses the amount of shares to redeem at date 1 to maximize her expected consumption

at date 2, that is

max
x∈[0,1]

{f (xs1) + (1− x)se2} .

The first-order condition that characterizes an interior solution to this problem equates

the marginal expected return of the mutual fund shares with the marginal return from

investing the proceeds from redemptions in the short-term project, that is

s1f
′ (xs1) = se2. (27)

Whenever we have an interior solution, we can differentiate the first-order condition and

show that dx/ds1 > 0 using our assumptions on the production function f . However,

when the share price s1 is sufficiently high we may have a corner solution, in which

the investor redeems all of her mutual fund shares. This will be the case whenever

s1f
′ (xs1) ≥ se2. Let x(s1) denote the solution to the investor’s problem. In the parametric

example it is immediate to show that

x(s1) = min
{
s1(s

e
2)
−2, 1

}
.

Liquidity providers. There is a continuum of liquidity providers, each endowed

with w units of the consumption good at date 0. The problem of liquidity providers is

identical to the one presented in Section 2. They maximize their expected consumption

at date 2 by choosing i) the investment in the liquid asset m at date 0 and ii) how many

units of the risky asset qD to purchase at date 1 using their liquid funds, which will

depend on the aggregate state π.

30



The representative liquidity provider chooses a pair (m, qD) to solve

max
m,qD

{
g (w −m) +m+ E

[
qD (π̃y − p)

]}
subject to m ≤ w

qD ≤ m

p

m, qD ≥ 0

As liquidity providers’ problem remains unchanged with respect to Section 2, the optimal

demand for risky assets is denoted qD(p; π,m) and given by (5). The investment in the

liquid asset at date 0 is determined by the optimality condition (17).

Mutual funds. There is a continuum of mutual funds with unit mass. At date

0 each mutual fund invests on behalf of its investors in one unit of the divisible risky

long-term asset with payoff at date 2 given by ỹ. The problem of each mutual fund

consists in designing a contract for its investors at date 0 that maximizes their expected

consumption at date 2. The contract specifies how the share price s1 reacts to the market

value of the fund’s portfolio at date 1. Since the risky asset does not generate any payoff

at date 1, mutual funds sell qF units of the risky asset at the market price p in order to

accommodate investors’ redemptions.

The representative mutual fund’s contract is described by a pair
(
qF , s1

)
chosen so as

to maximize investors’ expected consumption:

max
s1(π),qF (π)∈[0,1]

{E [f (x(s1)s1) + (1− x(s1))s2]} ,

subject to investors’ optimal redemption decision (27), the mutual fund’s budget con-

straint

x(s1)s1 = qFp, (28)

and the value of outstanding shares at date 2

s2 =

(
1− qF

)
ỹ

1− x(s1)
. (29)
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The budget constraint (28) ensures that the proceeds from risky asset sales are sufficient

to accommodate redemptions . The value of a share at date 2 represents the value of the

mutual fund’s remaining units of the risky asset relative to the number of outstanding

shares.

Figure 8 illustrates the model with mutual funds. At date 0 mutual funds design

the contract and liquidity providers choose their liquid asset holdings. At date 1, after

the realization of the aggregate shock π, investors gain access to the short-term project

f , leading them to redeem some mutual fund shares at the contractually specified share

price s1. Mutual funds accommodate these redemptions by selling some of their risky

asset holdings at the market price p. Liquidity providers determine how many units of

the risky asset to purchase at the price p given the liquid funds in their portfolio.

Mutual Funds
(MFs)

Investors
(INs)

Liquidity
Providers
(LPs)

t = 0: LPs invest
m in liq. assets

t = 0: MF invests
in ỹ

t = 1: INs redeem x MF shares

t = 1: MFs pay out s1
per redeemed share

t = 1: MFs sell qS units of
the risky asset at price p

t = 1: LPs buy qD units of the
risky asset at price p
with liq. assets m

Figure 8: The model with mutual funds

Note that the mutual fund contract is designed at date 0, but the interim share price

and the mutual fund’s supply of the risky asset at date 1 do not depend on any actions

by the mutual fund or investors at date 0 other than the contract terms set at date 0.

The optimal contracting problem can therefore be solved independently for each possible

aggregate state of the economy at date 1, that is, it reduces to a pointwise optimization

problem. The interim share price and the supply of the risky asset are thus functions

of the aggregate shock π. Moreover, the mutual fund’s budget constraint (28) highlights

that the fund’s choices depend on the market value of its risky asset holdings p. Hence,
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the objective function of the representative mutual fund’s problem can be written as

max
s1(p;π),qF (p;π)∈[0,1]

{
f (x(s1(p; π))s1(p; π)) +

(
1− qF (p; π)

)
πy
}

(30)

where I have substituted the value of non-redeemed shares s2 from equation (29) to

highlight that it is fully determined by choosing s1(p; π) and qF (p; π). Similarly, replacing

se2 in investors’ first order condition (27) determining redemptions and re-arranging yields

s1(p; π)[1− x(s1(p; π))] =

(
1− qF (p; π)

)
πy

f ′ (x(s1(p; π))s1(p; π))
. (31)

To solve the mutual fund’s contracting problem, I proceed by utilizing the budget

constraint (28) to replace x(s1(p; π)) = qF (p; π)p/s1(p; π) in the objective function (30)

and investors’ modified first order condition (31), which yields the simplified problem:

max
s1(p;π),qF (p;π)∈[0,1]

{
f
(
qF (p; π)p

)
+
(
1− qF (p; π)

)
πy
}

subject to s1(p; π) =

(
1− qF (p; π)

)
πy

f ′ (qF (p; π)p)
+ qF (p; π)p. (32)

The constraint determines the interim share price as a function of the risky asset’s market

price and the extent of the fund’s asset sales. Therefore I can proceed by initially ignoring

this constraint to determine the optimal supply of the risky asset qF (p; π), which is suffi-

cient to find the equilibrium price of the risky asset p. Then I utilize the pair (qF (p; π), p)

to recover the optimal share price s1(p; π) using equation (32).

By initially ignoring the constraint (32), the representative mutual fund’s problem

reduces to determining the optimal supply of the risky asset at date 1, conditional on the

realized aggregate shock π:

max
qF (p;π)∈[0,1]

{
f
(
qF (p; π)p

)
+
(
1− qF (p; π)

)
πy
}
,

Notice that this problem is identical to investors’ problem (2) of choosing qS(p; π) in the

simplified model without mutual funds. Consequently, the representative mutual fund’s

supply of the risky asset satisfies qF (p; π) = qS(p; π), where qS(p; π) is given by (3).
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5.2 Competitive equilibrium with MFs

This section derives the competitive equilibrium in the mutual fund industry, includ-

ing the optimal contract between mutual funds and investors. Similarly to Section 3,

the equilibrium analysis proceeds in a backwards fashion: first, I derive the equilibrium

on the asset market and the mutual fund contract at date 1 before analyzing liquidity

providers’ investment in the liquid asset at date 0.

The equilibrium on the market for the risky asset at date 1 is determined by the

intersection of mutual funds’ supply and liquidity providers’ demand for the risky asset.

Since the optimal supply and demand are equal to those derived in Section 3 the equi-

librium price and quantity of the risky asset are p∗(π;M) and q∗(π;M) as described in

Proposition 1. The equilibrium in the risky asset market is still determined by the joint

realization of the aggregate shock π and market liquidity M , leading to the four possible

configurations of equilibrium depicted in Figure 2.

Next, I determine the price of mutual fund shares at date 1 in equilibrium using

equation (32). To do so I replace the price and quantity of the risky asset in each of

the four candidate equilibria on the asset market. In Region A the risky asset trades at

fire sale discounts (p∗(π;M) = πy/f ′(M)) and investors sell only a fraction of their risky

asset holdings (q∗(π;M) = Mf ′(M)/(πy)), implying an interim share price of

s∗1(p; π) =
(1− q∗(π;M))πy

f ′ (q∗(π;M)p∗(π;M))
+ q∗(π;M)p∗(π;M) =

πy

f ′ (M)
= p∗(π;M).

Repeating the same steps for the remaining possible configurations of equilibrium yields

the same result: s∗1(p; π) = p∗(π;M), i.e. the price of mutual fund shares at the interim

date is given by the market price that the mutual fund’s asset holdings reach given the

realization of π and the available market liquidity M .

Finally, the mutual fund’s budget constraint (28) allows to determine investors’ re-

demptions as a function of the interim share price and the equilibrium on the market for

the risky asset:

x∗(s∗1(p; π)) =
q∗(π;M)p∗(π;M)

s∗1(p; π)
= q∗(π;M).
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This result implies that the mutual fund sells the same fraction of the risky assets as the

fraction of shares that investors ask to redeem.

Having characterized the equilibrium at date 1, I proceed by analyzing liquidity

providers’ investment in the liquid asset at date 0. Since the equilibrium on the asset

market remains unchanged with respect to the simplified model without mutual funds,

so does liquidity providers’ initial portfolio choice problem. Consequently, the optimal

investment in liquid assets at date 0 is characterized by the optimality condition (17).

Proposition 6 summarizes the competitive equilibrium in the mutual fund industry.

Proposition 6 (Equilibrium with Mutual Funds): The competitive equilibrium with mu-

tual funds features

s∗1(p; π) = p∗(π;M) and qF (p; π) = x∗(s∗1(p; π)) = q∗(π;M)

where p∗(π;M) and q∗(π;M) denote the price and quantity of the risky asset described

in Proposition 1. Liquidity providers’ investment in the liquid asset M∗ at date 0 solves

g′ (w −M∗) = νp0(M),

where νp0(M) denotes the expected marginal private value of liquidity at date 0 and is

characterized in Proposition 2.

The Proposition highlights that competitive mutual funds pass the market value of

their risky asset portfolio on to investors through their share price. The implication is

that when risky assets trade at fire sale discounts, the value of mutual fund shares at

date 1 drops below the fundamental value of the fund’s portfolio. Moreover, if w < ŵ the

competitive equilibrium leads to market liquidity levels that are below the constrained-

efficient benchmark.

6 Mutual fund regulation

This section explores the potential of regulatory interventions to provide efficiency gains

in the mutual fund industry. In particular, it explores the introduction of a mandatory
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liquidity buffer for mutual funds and redemption gates. To focus on the parameter setting

in which the unregulated competitive equilibrium fails to attain the constrained efficient

benchmark I assume w < ŵ going forward.

6.1 Liquidity requirements

This section explores the effect of a mandatory liquidity buffer requiring mutual funds to

hold at least a fraction of their portfolio in the form of the liquid asset. For simplicity, I

assume that the liquidity buffer is always binding such that funds never voluntarily hold

more liquid assets than they are required to.2 Formally, the liquidity buffer requires each

mutual fund to invest the unit endowment collected from investors at date 0 in a portfolio

(mf , 1−mf ), where mf denotes the fund’s liquid asset holdings. To distinguish mutual

fund’s liquidity holdings mf from liquidity supply by liquidity providers, I denote their

liquid asset holdings by ml (previously simply denoted m). The baseline model discussed

in the previous sections obtains by setting the liquidity requirement to zero (mf = 0)

such that the mutual fund is fully invested in the risky asset. Since the liquidity buffer

reduces the fund’s risky asset holdings, it changes the supply of the risky asset at date

1 and consequently the equilibrium on the asset market. Going forward, I present the

results of the simplified model without mutual funds such that the portfolio belongs to

investors. As shown before, the results generalize to the mutual fund setting.

Supply of the risky asset at t = 1. Each investor enters date 1 with a portfolio

(mf , 1−mf ) and gains access to a short-term investment project, which is described by

the production function f . Investors raise funds to invest in the short-term project by i)

selling q units of the risky asset at market price p and ii) using the liquid asset on their

portfolio. To simplify the exposition, I assume that investors invest all of their liquid

asset holdings in the short-term project at date 1.3 Then, the representative investor

chooses q to solve

max
q∈[0,1−mf ]

f (qp+mf ) + (1−mf − q) πy

2This assumption can be rationalized by competitive pressures in the mutual fund industry leading
funds to compete for investors by advertising high target returns which are at odds with excess liquidity
holdings.

3Appendix A shows that investors optimally invest all of their liquid asset holdings in the short-term
project at date 1 under very mild assumptions.
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The problem is very similar to the one presented in Section 2, apart from the fact that

investors’ own only 1−mf units of the risky asset. The derivation of the regulated equi-

librium follows the same steps as in Section 3 and is therefore relegated to Appendix A.

I show that the liquidity buffer reduces the equilibrium regions at date 1 in which

fire sales occur. Intuitively, for a given level of market liquidity Ml + Mf the likelihood

of fire-sales declines because the liquidity buffer reduces the need for risky asset sales.

However, the decreased likelihood of fire sales has a negative effect on liquidity providers’

incentives to invest in the liquid asset at date 0.

Figure 9 illustrates the effect of the liquidity requirement on liquidity providers’ liquid-

ity supply and market liquidity. It shows that, starting from the unregulated equilibrium

with Mf = 0 and Ml = MCE, increasing the liquidity buffer reduces endogenous liq-

uidity supply. In other words, liquidity providers’ ex-ante investment in the liquid asset

declines as mutual funds’ liquidity buffer grows.4 However, Figure 9 shows that the

endogenous supply of liquidity decreases less than one-to-one with the liquidity buffer.

Therefore, market liquidity in the regulated equilibrium increases compared to the un-

regulated equilibrium.

Figure 10 depicts the impact of the liquidity buffer on social welfare Π. Starting from

the unregulated equilibrium with Mf = 0 and Π = ΠCE, increasing the liquidity buffer

initially improves welfare. This is due to the buffer’s positive effect on market liquidity

and the decreased likelihood of fire sales. However, there is a threshold on the liquidity

buffer after which increasing the buffer decreases social welfare, potentially even below

the unregulated competitive benchmark. This is because the liquidity buffer forces a

reduction in the investment in the risky asset, which is a positive NPV investment. The

trade-off between the buffers’ positive effect on market liquidity and the negative effect

on the positive NPV investment leads to the hump-shaped relationship between social

welfare and the liquidity buffer depicted in Figure 10.

4Appendix A shows formally that the expected marginal private value of liquidity is strictly decreasing
in the liquidity buffer of mutual funds.
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Figure 9: Liquidity supply with a liquidity buffer

This figure illustrates the effect of the liquidity buffer on mutual funds Mf on endoge-

nous liquidity supply Ml and market liquidity Ml + Mf . The unregulated competitive

equilibrium obtains for Mf = 0 and is characterized by the liquidity level MCE.

6.2 Redemption gates

This section explores the effect of introducing redemption gates into mutual fund con-

tracts, which aim to limit redemptions in times of market distress. I model redemption

gates as a constraint on the sales of the risky asset, so that its price cannot drop below a

proportion 1 − δ of its fundamental value πy. The parameter δ can thus be understood

as the threshold for market distress at which redemption gates kick in. Formally, since

s∗1(p; π) = p∗(π;M) denotes the share price in the competitive equilibrium, the price

under the proposed price regulation is

sR1 (π;M) = max {p∗(π;M), (1− δ)πy} . (33)

The full derivation of the equilibrium under share price regulation is relegated to Ap-

pendix B.

Figure 11 illustrates the price regulation’s effect on liquidity supply. High values of

δ imply that redemption gates become active only when fire sales are very severe. Con-

sequently, liquidity supply in the regulated equilibrium coincides with the unregulated
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Figure 10: Social welfare under liquidity regulation

This figure illustrates the effect of the liquidity buffer on social welfare Π. The unregulated

competitive equilibrium obtains for Mf = 0 and features Π = ΠCE.

competitive equilibrium MCE if δ is high. However, as δ declines the threshold to activate

redemption gates becomes smaller and limits the severity of fire sales, thereby diminish-

ing liquidity providers’ expected rents from purchasing the risky asset. Consequently,

liquidity supply in the regulated equilibrium decline as redemption gates are easier to

activate. In the limit (δ = 0) fire sales are ruled out and market liquidity is substantially

lower than in the competitive, unregulated equilibrium.

Figure 12 shows the effect of redemption gates on social welfare and compares it to

welfare in the unregulated competitive equilibrium ΠCE. If redemption gates are never

triggered in equilibrium (high δ), welfare in the regulated equilibrium coincides with

the unregulated benchmark. Conversely, if the threshold to trigger redemption gates is

low, only mild fire sales occur and welfare in the regulated equilibrium is well below the

competitive benchmark due to the decline in market liquidity. However, if the policy

is calibrated such that the resulting market liquidity is only marginally below the com-

petitive benchmark, redemption gates increase social welfare by mitigating the adverse

impact of fire sales on investors. However, calibrating the threshold δ correctly appears

to be a challenge in practice and carries the risk of decreasing welfare.
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Figure 11: Market liquidity with redemption gates

This figure depicts the impact of redemption gates on equilibrium liquidity supply. Market

liquidity in the unregulated equilibrium is denoted by MCE. Small values of δ imply that

even mild fire sales trigger redemption gates, with the limit δ = 0 describing the case

where fire sales are ruled out in equilibrium.

7 Conclusion

This paper studies the implications of liquidity risk for open-ended mutual funds investing

in imperfectly liquid asset, leading to the possibility of fire sales. I show that competitive

mutual funds optimally pass fire sale prices of their portfolio holdings on to redeeming

investors Market liquidity in the underlying asset market is endogenously driven by arbi-

trageurs expectation of purchasing under-valued assets in fire sales. Arbitrageurs failure

to internalize the impact of their liquidity supply on market prices yields a (constrained)

inefficient equilibrium.

The paper highlighted the importance of endogenous liquidity provision in the un-

derlying asset market through the lens of an equilibrium model of mutual funds offering

contracts aiming to maximize their investors’ welfare. Investor redemptions force mutual

funds to sell some of their portfolio, which may lead to fire sales due to a cash-in-the-

market pricing effect as in Allen and Gale (1994).

Finally, I explored whether regulatory policies can lead to welfare improvements over

the competitive equilibrium. In particular, I analyzed the introduction of a mandatory
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Figure 12: Welfare under redemption gates

This figure depicts social welfare as a function of the regulatory policy parameter δ, which

governs the threshold on market distress which triggers redemption gates. Social welfare

in the unregulated competitive equilibrium is denoted by ΠCE.

liquidity buffer, requiring mutual funds to hold liquid assets, and redemption gates, which

restrict redemptions during periods of steep fire sale discounts. I showed that a liquidity

buffer can lead to sizeable efficiency gains, while redemption gates generally lead to welfare

losses. The model highlights that any policy evaluation must account for the effect on

endogenous liquidity provision, as both policies have important effects on market liquidity.
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Appendix

A Equilibrium with liquidity requirements

In this section I derive the equilibrium on the asset market as well as liquidity providers’

portfolio choice at date 0. The steps are exactly the same as in the baseline model, so

comments and notation is intentionally kept very brief.

First, I motivate the assumption that investors invest all of their liquid asset holdings

in the short-term project and carry none of the liquid asset until date 2. Consider a

representative investor entering date 1 with a portfolio (mf , 1−mf ) who gains access to

the short-term investment project f . She raises funds to invest in the short-term project

by i) selling q units of her risky asset at market price p and ii) investing l ∈ [0,mf ] units

of her liquid asset holdings. Thus, the representative investor chooses a tuple (q, l) to

solve

max
q∈[0,1−mf ],l∈[0,mf ]

f (qp+ l) + (1−mf − q) πy +mf − l. (A.1)

The first order conditions to this problem are

∂

∂q
= f ′ (qp+ l) p− πy = 0 (A.2)

∂

∂l
= f ′ (qp+ l)− 1 = 0. (A.3)

The optimality conditions show that the opportunity cost of selling one unit of the risky

asset to invest is πy
p

while the opportunity cost of investing the liquid asset is 1. Clearly

if the risky asset is sold in fire sales (p < πy) we have πy
p
> 1 so that investing the

liquid asset strictly dominates. Instead, if the risky asset is sold at its fundamental price

(p = πy) both funding modes carry the same opportunity cost.

Case 1: p < πy. Investors will first use all liquid assets before resorting to risky asset

sales. I assume that investing all units of the liquid asset is insufficient to drive the

marginal return of the short-term project f down to 1. Therefore investors set l = mf

and in addition choose to sell q > 0 units of the liquid asset. Then, q is pinned down by
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the first order condition

f ′ (qp+mf ) =
πy

p
(A.4)

If the price of the risky asset is sufficiently high we may have a corner solution with

q = 1−mf . This is the case if the price p satisfies

f ′ ((1−mf ) p+mf ) p ≥ πy (A.5)

Case 2: p = πy. As discussed, investors are indifferent between investing the liquid

asset and selling the risky asset to invest. I assume that investors first invest all of their

liquid asset before resorting to risky asset sales. Again, the assumption is that liquid

assets are insufficient to drive the marginal return of the short-term project down to 1

such that investors additionally decide to sell some of the risky asset.

The representative investor’s supply is pinned down by the first order condition with

respect to q with p = πy and l = mf :

f ′ (qπy +mf ) = 1. (A.6)

However, if the fundamental price of the risky asset is sufficiently high such that equation

(2) with p = πy holds

f ′ ((1−mf )πy +mf ) ≥ 1, (A.7)

investors’ problem has a corner solution with q = 1−mf .

This shows that directly focusing on the case with l = mf can be easily rationalized

in the context of this model. Now I re-derive the equilibrium on the asset market and

liquidity providers’ ex-ante liquidity provision decision.

Asset Market Equilibrium.

Point A: Downwards sloping demand, upwards sloping supply

Downwards sloping demand implies p < πy, qD = ml

p
, pq = Ml. Supply is determined

by investors’ FOC, which implies

q∗ =
Mlf

′ (Ml +Mf )

πy
, p∗ =

πy

f ′ (Ml +Mf )
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For this to be an equilibrium it must be that

1. q∗ ≤ 1−Mf which holds iff πy

f ′(Ml+Mf)
≥ Ml

[1−Mf ]

2. p∗ < πy iff 1 ≤ f ′ (Ml +Mf )

Point B: Horizontal demand, upwards sloping supply

Horizontal demand implies p = πy and since supply is upwards sloping, investors’

FOC with p = πy pins down equilibrium:

q∗ =
(f ′)−1 (1)−Mf

πy
, p∗ = πy

For this to be an equilibrium it must be that

1. q∗ < 1−Mf iff f ′ (πy [1−Mf ] +Mf ) < 1

2. pq < Ml iff 1 > f ′ (Ml +Mf )

Point C: Downwards sloping demand, vertical supply

Downwards sloping demand implies p < πy, qD = ml

p
, pq = Ml and vertical supply

implies corner solution with qS = 1−mf such that

q∗ = 1−Mf , p
∗ =

Ml

1−Mf

For this to be an equilibrium it must be that

1. Investors have corner solution if πy

f ′(Ml+Mf)
≤ Ml

1−Mf

2. p∗ < πy iff πy ≥ Ml

1−Mf

Point D: Horizontal demand, vertical supply

Assumptions immediately imply q∗ = 1−Mf , p
∗ = πy.

For this to be an equilibrium it must be that

1. Investors have corner solution if: f ′ (πy [1−Mf ] +Mf ) ≥ 1

2. pq < Ml iff πy < Ml

(1−Mf)
.
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Equilibrium regions.

The preceding analysis suggests two thresholds which help to characterize the equilib-

rium regions in the asset market. As opposed to the model without liquidity regulation,

the thresholds are now functions of the exogenous liquidity holdings of the mutual fund

(or investors in the simplified model).

First, a threshold on market liquidity M̂l implicitly defined by the equation

f ′
(
M̂l +Mf

)
= 1

such that the risky asset trades at its fundamental price irregardless of the realized asset

quality if Ml ≥ M̂l. In the parametric example with f ′ (k) = 1/
√
k we have M̂l = 1−Mf .

Second, a threshold on asset quality π̂ implicitly defined by the equation

f ′ (π̂y [1−Mf ] +Mf ) = 1

such that investors keep some of their risky asset holdings irregardless of market liquidity

if π > π̂. Notice that in the parametric example we have π̂ = 1/y, i.e. the liquidity

requirement has no impact on the threshold.

The following Figure is a replication of Figure 2 in the main body of the paper which

characterizes the equilibrium on the asset market. The key insight is that introducing

liquidity regulation (Mf > 0) changes the boundaries of the equilibrium regions, thereby

decreasing the ex-ante likelihood of fire sales.

Marginal private value of liquidity.

Recall that liquidity providers profit from purchasing the risky asset at date 1 is

vp = qD (p∗; π,ml) [πy − p∗]

and the marginal private value of liquidity at date 1 is vp
′
= ∂vp

∂ml
.

I now derive vp
′

in each of the four equilibrium regions.

• Region A: Fire sales with p∗ = πy

f ′(Ml+Mf)
imply qD (p∗; π,ml) = ml/p

∗ such that
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Figure A.1: Equilibrium characterization under liquidity regulation

This figure illustrates how liquidity regulation (LR) changes the boundaries of the equi-

librium regions in the asset market. The shaded area highlights states of the economy

in which fire sales occur without LR (Mf = 0) but are ruled out when introducing LR

(Mf > 0).

we have

vp = ml [f
′ (Ml +Mf )− 1] and vp

′
= f ′ (Ml +Mf )− 1

• Region D: Fire sales with p∗ = Ml

1−Mf
imply qD (p∗; π,ml) = ml/p

∗ such that we

have

vp = ml

[
πy (1−Mf )

Ml

− 1

]
and vp

′
=
πy (1−Mf )

Ml

− 1

• Regions B and C feature fundamental pricing which trivially implies vp = vp
′
= 0.

Notice when fire sales occur (Regions I and D) we have dvp
′

dMf
=< 0, i.e. liquidity providers’

marginal value of liquidity is decreasing in the liquidity holdings of investors/the mutual

fund.
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B Equilibrium with redemption gates

This section shows how to derive the equilibrium under redemption gates. As the policy

only affects equilibrium regions in which fire sale occur, I focus on highlighting how the

regulated equilibrium differs from the competitive benchmark in equilibrium regions A

and D. Moreover, I illustrate the results as if the regulatory policy applied directly to the

risky asset’s market price p.

Asset Market Equilibrium.

First, recall that investors’ supply of the risky asset at date 1 is determined by the

FOC

f ′ (qp) =
πy

p
(B.8)

Point A: qD ↘, qS ↗

Downwards sloping demand implies p < πy, qD = m
p
, pq = M . Supply is determined

by investors’ FOC, which implies p∗ = πy
f ′(M)

, q∗ = Mf ′(M)
πy

. For this to be an equilibrium

it must be that

1. q∗ ≤ 1 which holds iff πy ≥Mf ′ (M)

2. p∗ < πy iff 1 ≤ f ′ (M)

3. 1
f ′(M)

≥ 1− δ s.t. redemption gate is not triggered

Otherwise the regulatory constraint binds s.t. p∗ = (1− δ) πy, q∗ = M
(1−δ)πy . This equilib-

rium obtains if

1. q∗ ≤ 1 which holds iff M ≤ (1− δ) πy

2. 1
f ′(M)

< 1− δ s.t. redemption gate is triggered

Point D: qD ↘, qS ↑

Downwards sloping demand implies p < πy, qD = m
p
, pq = M and vertical supply

implies corner solution with qS = 1 such that q∗ = 1, p∗ = M . For this to be an

equilibrium it must be that

1. Investors have corner solution if πy ≤Mf ′ (M)

2. p∗ < πy iff πy ≥M
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3. M > (1− δ) πy

If equation (B.8) is violated the regulatory constrained binds and we have q∗ = 1, p∗ =

(1− δ) πy. This equilibrium obtains if

1. Investors have corner solution if f ′ ((1− δ) πy) ≥ 1
(1−δ)

2. M ≤ (1− δ) πy

The following Figure is a replication of Figure 2 in the main body of the paper which

characterizes the equilibrium on the asset market under redemption gates.

π

0 MM̂

π̂

(1− δ)2

1− δ

Redemp-

tion gate

triggered

Figure B.2: Equilibrium characterization under redemption gates

This figure illustrates how a redemption gate changes the boundaries of the equilibrium

regions in the asset market. The shaded area highlights states of the economy in which

the redemption gate is triggered.

Marginal private value of liquidity.

Recall that liquidity providers profit from purchasing the risky asset at date 1 is

vp = qD (p∗; π,m) [πy − p∗]

and the marginal private value of liquidity at date 1 is vp
′
= ∂vp

∂m
.

• Region A: Fire sales with p∗ = πy
f ′(M)

imply qD (p∗; π,m) = m/p∗ such that we have

vp = ml [f
′ (M)− 1] and vp

′
= f ′ (M)− 1

51



When 1
1−δ < f ′ (M), the redemption gate is activated and we have p∗ = (1− δ) πy

and qD (p∗; π,m) = m/p∗, yielding

vp =
mδ

1− δ
and vp

′
=

δ

1− δ

• Region D: Fire sales with p∗ = M imply qD (p∗; π,m) = m/p∗ such that we have

vp = m
[πy
M
− 1
]

and vp
′
=
πy

M
− 1

When M < 1 − δ the redemption gate is triggered, implying q = 1 and p∗ =

(1− δ) πy, yielding

vp =
mδ

1− δ
and vp

′
=

δ

1− δ

• Regions B and C feature fundamental pricing which trivially implies vp = vp
′
= 0.
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